From the PnrLosoPmcaLMAGAZINE
for July 1913.

On the Constitution of Atonas and Molecules.
B y N. BOHR,D r . p l d . Copenhagen *.

Introduction.
N order to explain the results of experiments on scattering

I

of a rays by matter Prof. Rutherfordt has given a
theory of the structure of atoms. According to this theory,
the atoms consist of a positively charged nucleus surrounded
by a system of electrons kept together by attractive forces
from the nucleus; the total negative charge of the electrons
is equal to the positive charge of' the nucleus. Further, the
nucleus is assumed to be the seat of the essential part of
the mass of the atom, and to have linear dimensions exceedingly small compared with the linear dimensions of the
whole atom. The number of electrons in an atom is deduced
to be approximately equal to half the atomic weight. Great
interest is to be attributed to this atom-model ; for, as
Rutherford has shown, the assumption of the existence of
nuclei, as those in question, seems to he necessary in order
to account for the results of the experiments on large angle
scattering of the a rays$.
I n an attempt, to explain some of the properties of matter
on the basis of this atom-model we meet, however, with
difficulties of a serious nature arising from the apparent
* Communicated by Prof. E. Rntherford, F.R.S.

+$ E.SeeRutherford,
Phil. hhg. xxi. p. 669 (1911).
also Geiger and Marsden, Phil. hlrtg. April 1013.
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instability of the system of electrons : difficulties purposely
avoided in atom-models previoujly considered, for instance,
i n the one proposed by S i r J. J. Ttiomson*. According to
the theory of the latter ths atom consists of a sphere of
uniform positive electrification, inside which the electrons
move in circular orbits.
The principal difference between the atom-models proposed
by Thomson and Rutherford consists in the circumstance
that the forces acting on the electrons in the atoin-inodel of
Thomson allow of certain configurations and motions of t h e
electrons for which the system is in a stable eqnilibrium ;
such configurations, howevrr, apparently do not exist for
the secoiid atom-model. The nature of the difference i n
question will perhaps be most clearly seen by noticing that
among the quantities characterizing t h e first atom a quantity
appears-the
radius of the positive sphere-of
dimensions
of a length and of the same order of magnitude as the linear
extension of the atom, while such a length doea not appear
among the quantities characterizing the second atom. viz.
tho charges and masses of :€he electrons and t h e positive
nucleus; nor can i t be determined solely by help of the
latter quantities.
The way of considering a problem of this kind has, however, undergone esaential alterations in recent years owing
to the development of the theory of the energy radiation,
and the direct affirmation of the new assumptions introduced
in this theory, found by experiments on very different phenomena such as specific hcats, photoelectric effect, Rijntgenrays, Btc. The result of the discuspion of these questions
seems to be a general aclrnanledgment of the inadequacy of
the classical electrodynamics in describing t h r behsviour of
systems of atomic size?. Wliatever the alteration in tlie
laws of iriotion of the electrons may be, i t seem? necessary
to introduce in the laws in question a quantity foreign to
the cliissicd electrodynamics, i. e. Planck’s constant, or as it
often is called the elementary quantum of action. By the
introduction of this quantity the question of the stabla configuration of the electrons in the atoms is essentially changed,
as tliis constant is of such dimensions atid tn:ignitudiA that it,
together with tlie inass and charge of the particles, can
determine a length of the order of m:ignitudr required.
This paper is a n attempt to show that the application of
the above ideas to Rutherford’s atom-model affords a basis
* J. J . Thomson, Phil. Mag. vii. p. 237 (1904).

t See f. inst., ‘ ThBorie du rnvonnement e t lee quanta.’ Rapport8 de
la +union B Bruxelles, Nov. 1911. Pane, 1912.
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for a theory of the constitution of atoms. Tt will further
be shown that from this theory we are led to a theory of the
constitution of molecules.
I n the present first part of the paper the mechanism of
the binding of electrons by a positive nucleus is discussed in
relation to Planck’s theory. It will be shown that it is
possible froin the point of view taken to account in a simple
wav for the law of the line spectrum of hydrogen. Further,
reasons are given for a principal hypotliesis on which the
considerations contained in the following parts are based.

’I wish here to express my thanks to Prof. Rutherford for
his kind and encouraging interest in this work.
P A R T I.-BINDtNG

O F ELECTRONS BY P O S I T I V E N U C L E I .

0 1. General Considerations.
The inadequacy of the classical electrodynamics in accounting for the properties of atoms from an atom-model as
Rutherford’s, will appear veryclearly if we consider a simple
system consisting of a positively charged nucleus of very
small dimensions and an electron describing closed orbits
around it. For simplicity, let us assume thnt the mass of
the electron is negligibly small in comparison with that of
the nucleus, and further, that the velocity of the electron is
small compared with that of light.
Let us a t first assume that there is no energy radiation.
I n this case the electron will describe stationary elliptical
orbits. The frequency of revolution o and the major-axis
of the orbit 2a will depend on the amount of energy W
which must be transferred to the system in order to remove
the electron to an infinitely great distance apart from the
nucleus. Denoting the charge OE the electron and of the
nucleus by - e and E respectively and the mass of the electron
by m, we thus get
Further, it can easily be shown that the mean value of the
kinetic energy of the electron taken for a whole revolution
is e q u d to W. W e see that if the value of W is not given,
there will be no values of co and a characteristic for the
system in question.
Let us now, however, take the effect of the energy radia. tion into account, calculated in the ordinary way from the
acceleration of the electron. I n this case the electron will
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increase, and the electron will approach the nucleus describing orbits of smaller and smaller dimensions, and with
greater and greater frequency ; the electron on the average
gaining in kinetic energy a t the same time as the whole
system loses energy. This process will go on until the
dimensions of the orbit are of the same order of magnitude as the dimensions of the electron or those of the nucleus.
A simple calculation shows that the energy radiated o u t
during the process considered will ba enormously great
compared with that radiated out by ordinary molecular
processes.
It is obvious that the behaviour of such a system will be
very different from that of an atomic systemdoccurring in
nature. I n the first place, the actual atoms in their permanent state seem to have absolutely fixed dimensions and
frequencies. Further, if we consider any inolecular process,
the result seems always to be that after a certain amount of
energy characteristic for the svstems in qucst,ion is radiated
out, the systems will again settle down in a stable state of
equilibrium, in which the distances apart of the particles are
of the same order of magnitude as before the process.
Now the essential point in Planck's theory of radiation is
that the energy radiation from an atomic system (:3es not
take place in the continuous way assumed in the ordinary
elcctrodynnmics, but that it, on the contrary, takes place in
distinctly separated emissions, the amount of energy radiated
out from an atomic vibrator of frequency Y in a single
emission being equal to T ~ Y whero
,
T is an entire number,
and h is a universal const'ant*.
Returning to the simple case of an electron and a positive
nucleus considered above, let us asmme that the elechon a t
the beginning of the interaction with the nucleus was a t a
great distance apart from the nncleus, and had n o sensible
velocity relative to the latter. Let us Curther assume that
.the electron after the interaction has taken place has
settl6d dow'n in a stationary orloit around the nucleus. W e
shnll, for reasons referred to Iat,er, assume that the orbit in
question is circular ; this assumption will, however, make no
alteration in the calculations for systeins containing only a
single electron.
Let us now assuine that, during the binding of the electron,
homogeneous radiation is emitted of a frequency v, equal
to half the frequency of revolution of the electron in its final
* See f. inst., $1. Planck, Ann. d. PAYS.xxxi. p. 758 (1010) j xxxvii.
11. 622 (1912) j F'erh. detitsch. Phys. Gea. 1911, p, 138.
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orbit ; then, from Plnnck’s theory, we might expect that the
amount of energy emitted by the process considered is equal
to T ~ W where
,
JA is Planck’s constant and T an entire nuni1)er.
If we assume that the radiation emitted is liomogeneous, the
second assumption concerning the frequency of the radiation
suggests itself, since the frequency of revolution of the
electron a t the beginning of the emission is 0. The question,
however, of the rigorous validity of both assumptions, and
also of the application made of Planck’s theory, will be more
closely discussed in 6 3.
w
Putting
W=Th -,
*
(2)
2

. . .

. .

we get by help of the formula (1)

If in these expressions we give T different values, we get
W, o,and a corresponding to a series

a series of values for

of configurations of the system. According to the above
considerations, we are led to assume that these configurations
will correspond to states of the system in which there is
no radiation of energy; states which consequently will be
stationary as long as the system is not disturbed from outside. W e see that the value of W is greatest if T has its
smallest value 1. This case will therefore correspond to
the most stable state of the system, i. e. will correspond to
the binding of the electron for the breaking up of which the
greatest amount of energy is required.
1 E=c, and
Putting in the above expressions ~ = and
introducing the experimental values
e
e=4.7
-=5*31 .lo1’, h = 6 * 5 .

.

m

we get
2a=1*1.10-s cm.,

0=6.2.101‘--

Bee.’

IV
- =13 volt.
e

W e see that these values are of the same order of magnitude as the linear dimensions of the atoms, the optical
frequencies, and the ionization-poten tials.
The general importance of Planck’s theory for the discussion of the behaviour of atomic systems was originally
pointed out by Einstein*. The considerations of Einstein

* A. Einstein, Ann. d. Phys. xvii. p. 122 (1905) ; xx. p. 199 (1906);
xxii. p. 180 (1907).
,
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have been develoDed and aDDlied on a numbor of different
phenomena, espeLially by ‘Siark, Nernst, and Somniei~field.
The agreement as to the order of magnitude between values
observed for the freqnencies and dimensions of the atoms,
and values for these quantities calculated by considerations
similar to those given above, has been the subject of niuch
discussion. It was first pointed out by Hans*, in a n attempt
to expliiin t h e meaning and the value of Planck’s constatit
on t h e basis of J. J. Thomson’s atom-niodel, by help of the
linear din~ensionsand frequency of an hydrogen atom.
Systems of t h e kind considered in this paper, in which t h e
forces between the particles vary inversely as the square of
t h e distance, are discussed in relation to Planck’s theory
by J. W. Nicholsont. I n a series of papers this autlior
has shown that it seems to be possible to account for lines of
hitherto unknown origin in the spectra of‘the stellar neb&
and that of t h e solar corona,,hy assuming the prasence in these
bodies of certain hypothetical elements of exactly indicated
constitution. The atoms of these elements are supposed to
consist simply of a r i n g ot’ a few electrons surrounding a
positive nucleus of negligibly stria11 dimensions. The ratios
between the frequenciescorresponding to the lines in question
a r e compared with the ratios between the frequencies corresponding to different modes of’ vibration of t h e ring of
electrons. Nicholson has obtained a relation to Planck’s
theory showing that the ratios between the wave-length of
different sets of lines of the coronal spectrum can be accounted
for with great accuracy by assuming that the ratio between
the energy of the system and the frequency of rotation of the
r i n g is equal to a n entire multiple of Planck’s constant. The
quantity Nicholson refers to a s the energy is equal to t n i c e
t h e quantity which we have denoted above by W. I n the
latest paper cited Nicholson has found i t necessary to give
the theory a more complicated form, still, however. representing t h e ratio of energy to frequency by a simple function
of whole numbers.
The excellent agreement between t h e calculated and
observed values of the ratios between the wave-lengths i n
question seems a strong argument in favour of the validity
of t h e founda tion of Nicholson’s calculations. Serious

* A. E. Haas, Jahrb. d. Bad. u. El. vii. p. 261 (1910). See further,
A. Schidlof, A m . d. J’hys. xxxv. p. 90 (1911) ; E. Wettheinier, Phys.
Zehchr. xii, 409 (1911), Verh. delitach. Phys. Grs. 1912, p. 431 ; F. A.
Lindemann, kerlt. de~tsch.Phya. G‘e.9. 1911, pp. 482, 1107 ; F. Haber,
Verh. deutsch. Phys. Ges. 1911, p. 1117.
t J. W. Xcholson, Month. Not. Roy. Astr. SOC.lxxii. pp. 49, 130,

677,693, 729 (1912).
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objections, however, may be rnised against the theory. These
objections are intimately connected with the problem of the
homogeneity of the radiation emittpd. I n iSicholson's calculations the frequency of lines in a line-spectrum is identified
with the frequency ot vibration of a itiechanical SJ stem in a
distinctly indicated state of equilibrium. As a relation from
Ylanck's theory is used, we might expect that the radiation
is sent out in quanta; but systems likc those considered, in
which the frequency is a function of' the energy, cannot. einit
a tinite amount of a homogeneous radiation; for, :IS soon as the
emission of radiation is started, the energy and also the
frequency of the system aro altered. Further, according to
the calculation of Nicholson, the systems are unstab!e for
some modes of vibration. Apart froni such objections- which
may be only formal (see p. 23)-it must be reinalbed, illat
the theory in the forin given does not seem to be able to
account for the well-lrnown laws of Balmer and Rydberg
connecting the frequencies of the lines in the liae-spectra
of the ordinary elements.
It will now be attempted to show that the difficulties in
question disappear if v e consider the problems from the
point of view taken in this paper. Before proceeding it may
be useful to restate briefly the ideas characterizing the calculations on p. 5. The principal assumptions used are :
(1) That the dynamical equilibrium of the sjstems in the
stationary states can be discussed by help of the
ordinary mechanics, while the passing of the systems
between diff'erent stationary states cannot be treated
on that basis.
(2) That the latter process is followed by the emission
of a homogeneous radiation, for which tho relation
between the frequency and the nmount of energy
emitted is the one given by Planck's theory.
The first assumption seems to present itself; for it is
known that the ordinary mechanics cannot have an absolute
validity, but will only hold in calculations of certain mean
values of the motion of the electrons. On the other hand,
in the calculations of the dynamical equilibrium in a stationary
state in which there is n o relative displacement of the
particles, we need not distinguish between rhe actual
motions and their mean values. The second assumption is
in obvious contrast to the ordinary ideas of electrodynamics,
but appears to be necessary in order to account for experimental facts.
In the calculations on page 5 we have further made use
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of the more special assumptions, viz. that the different
stationary states correspond to the emission of a different
number of’ Planclc’s energy-quanta, and that the frequency of
the radiation emitted during the passing of the system from
a state in which no energy is yet radiated out to one of the
stationary states, is equal t o half the frequency of revolution
of‘ the electron in the latter state. Tl’e can, however (see
5 3), also arrive a t the expressions ( 3 ) for the stationary
states by using assumptions of somewhat dicerent form.
W e shall, therefore, postpone the discussion of the special
assumptions, and first show how by the help of the above
principal assumptions, and of the expressions (3) for the
stationary states, we can account for the line-spectrum of
hydrogen.

6 2. Emission of Line-spectra.
Spectrum (y” IIydrogen.-General evidence indicates that
an atom of’ hydrogen consists simply of a single electron
rotating round a positive nucleus of charge e”. The reformation of a hydrogen atom, when the electron has been
removed to great distances away horn thc nucleus-e. g. by
the effect of electrical discharge in a vacuum tube-will
accordingly correspond to the binding of an electron by a
positive nucleus considered on p. 5 . If in (3) we put E=e,
we get for the total amount of energy radiated out by the
formation of one of the stationary states,
2T2r?7e4
w

7

=

T

2

h7

The amount of energy emitted by the passing of the
system from a state corresponding to T = T ~ to one corre,
sponding to 7 = ~ is~ consequently

If now we suppose that the radiation in question is homogeneous, and that the amount of energy emitted is equal to
ILV, where v is the frequency of the radiation, we get

*

See f. inst. N. Bohr, Phil. &fag.xxv. p. 24 (1913). The conclusion
drawn in the paper cited is strongly supported by the fwt t h a t hydrogen,
in t h e experiments on positive rays of Sir J. J. Thomson, is the only
element which never occurs with a positive charge corresponding to the
loss c?f more than one electron (comp. Phil. Mag. xxiv. p. 672 (1919)).

a n d from this

R e see that this expression accounts for the law connecting
the lines in the spectruni of' hydrogen. If we put T ~ =2 and
let 71 vary, we g e t the ordinary Balmer series. If we piit
r2=3,we get t h e series in t h e ultra-red observed by Pasclien*
:ind prcviously suspected by Kitz. If we Iiut 72=1 and
~ ~ = 54, ,., we get series respectively in the estreiiie ultraviolet and the extreme ultra-red, which are not observed, b u t
t h e existence of which may be expected.
The agreement i n question is quantitative as well as
qualitatit e. P u t t i n g

.

.

e = 4 * 7 10-'0,
we g e t

e
=5.31, 1017, a n d h = 6 * 5 .
112

2 ~ ~ 1 1 ~ 4
-- 3.1 . 1016.
iL3

The observed value for the factor outsidc the luracbct in tho
formula (4) is
3.290.1015.
The agreement between the theoretical and observed values
is inside the uncertainty due to experimental errors in tlie
constants entering in the expression for the throretical value.
IVe shall in 5 3 return to consider the possible importance
of the agreement in question.
It inay be remarked that the fact, that i t has not been
possible to observe more t h a n 1 2 lines of the Balmer series
i n experiments mith vacuum tulles, while 33 lines are obhcrved in t h e spectra of some celestial bodies, is just what we
,should expect from the above theorg. According t o thc
equation ( 3 ) the diameter of tlie orbit of the electron in
t h e different stationary states is proportional to 72, F o r
7=12 the diameter is equal to 1.6 , 10-8cm., or equal to
the mean distance between the molecule> in a p s a t a
Iiressure of about 7 inm. mercury; for 7 = 3 3 t h e diameter
is equal to 1.2 . l O - 5 cin., corresponding to the mean distance
of the molecules a t a pressure of about 0.02 mm. mercury.
According to the theory the necessary condition for the
appearance of a great number of lines is therefore a very
binall density of t h e gas ; for simultaneously to obtain a n

* F. Faschen, Ann. (1. Phys. rxiii. p. 565 (190s).
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intensity sufficient for observation the space filled with the
pas must be very great. If the theory is right, we may
thsrefore never expect to be able in experiments Hith v;mium
tubes to observe the lines corresponding to high numhers of
the Balmer series of the emission spectrum of hydrogen; it
might, howe-ier, be possible to observe the lines by investigation of the absorption spectrum of this gas (see 6 4).
It will be observed that we in the above way do not
obtain other series of lines, generally ascribed to hydrogen ;
for instance, the series first observed by Pickering* in the
spectrum of the star 5 Puppis, and the set of series recently
found by Fowler 1- by experiments with vacuum tubes
containing a mixture of hydro en and helium. W e shall,
however, see that, by help o the above theory, we can
account naturally for these series of lines if we ascribe them
to helium.
A neutral atom of the latter element consists, according to
Rutherford’s theory, of a positive nucleus of charge 2e and
t w o electrons. Now considering the binding of n single
electron by a helium nucleus, we get, putting E=2e in the
expressions (3) on page 5 , and proceeding in exactly the same
way as above,

f

If we in this formula put) T ~ 1= or ~ ~ = we
2 ,get series of
3 , let
lines in the extreme iiltra-violet. If we put ~ ~ = and
T~ vary, we get a series which includes 2 of tho series
obseived by Fowler, and denoted by him as the first and
second principal series of the hydrogen spectrum. If we put
r 2 = 4 , we get the series observed by Pickering in the
spectrum of Puppis. Every second of the lines in this
series is identical with a line in the Ealmer series of
the hydrogen spectrum; the presence of hydrogen in the
star in question may therefore account for the fact that
these lines are of a greater intensity than the rest of the
lines in the series. The series is also observed in the experiments of Fowler, and denoted in his paper as the Sharp
series of the hydrogen spect,rum. If we finally in the above
formula put ~ ~ = Ci,..
5 , , we get series, the strong lines of
which are to be expected in the ultra-red.
The reason why the spectrum considered is not observed in

r

* E. C.Pickering, Astrophye. J. iv. p, 369 (1896);

v. p. 92 (1897).
t A , Fowler, Month. Not.Roy. Astr. SOC.
lxxiii. Dec. 1912.
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ordinary helium t>ubesmay be that in such tubes the ionization
of heliittn is not so complete as in the star considered or in t h e
experiments of Fowler, where a strong discharge was sent
through a mixture of hydrogen and helium. The condition
for the appearance of' the spectrum is, according to the above
theory, that helium atoms are present in a state in which
they have lost both their electrons. Now we niust assume
tliat the amount of energy to be used in removing the second
electron from a helium atom is niuclt greater tliaii that to be
w e d in removing the first. Further, i t is 1mon.n from experiments on positive rays, that hgdrogen atonis can acquire a
negative cliarge ; therefore the pi esence of hydrogen in 1he
experiments of Fowler may eff'ect that more electrons nre
removed from some of the helium atoms tlian would be the
case if orily helium were present.
Spectra of other sutstances.--In case of s y t e m s containing
more elactrons we must-in
conforniity with the result of
experiments-expect
more coinplicated laws for the linespectra t h m those con+idered. I s1i:ill t r y to show that the
point of view taken above allows, a t a n y rate, a certain
u n d e r st an ding o I-' the law s ohser e d
According to Rydberg's theory-with
t h e generalization
given by Ritz *-the frequency corresponding to the lilies of
the spectrum of a n element can be expressed by
Ti

.

Y = Fr(T1) - F s ( T 2 ) ,

where

T~ and T ,

functions of

7

a r e entire numbers, and El, F,, F,,
which approximately are equal to

. . . . are
K

-__

K
-t- a2js, ' ' * K is a universal constant, equal to t h e factor
outside the bracket in the formula (4) for the spectrum of
(7-k Ul)"

(T

hydrogen. The different series appear if we put T , or 7,equal
to a fixed number and let the other vary.
The circumstance thnt the frequeiicy can be written as a
difference between t'wo funct,ions of' entire numbers suggests
a n origin of the lines in the spestra in question similar to
t h e one we have asanmed for hydrogen; i. e. tliat the lines
correspond to a radiation emitted during the passing of the
system between two diffkreiit stationary states. F o r systems
containing more than one electron the detailed dircussion
may be very complicated, as there will be many different
contiguratioris of the electrons which can he taken into consideration as stationary states. This may account for t h e
different sets of series i n the line spectra emitted from the

* W. Ritz, Phys. Zeifschr. ix. p, 621 (1908).
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substances in question. Here 1shall only try to sliow how,
by help of the theory, it can be simply explained that the
constant K entering in lijdberg's formula is the same for all
su t)s tances.
Let us assume that the spectrum in question corresponds to
the radiation emitted during the binding of an electron ; and
let us further assume that, the system iiicluding the eldctron
considered is neutral. The forco on the electron, when at
a great distance apart from the nucleus and the electrons
previously bound, will be very nearly the same as in the above
case of the binding of an electron by a hydrogen nucleus.
The energy corresponding to one of the stationary states will
therefore for T great be very nearly equal to that given by
the expression (3) on p. 5, if we put E=e. For T great we
consequently get
2T2nze4
lim (T' , Fl (7))=lim ( 7 ' . Fz(7))=
---,'is 3
in conformity with Rydberg's theory.

. .. .

3. General Considerations continued.
W e shall now return to the discussion (see p. 7) of the
special assumptions used in deducing the expressions (3) on
p. 5 for the stationary states of a system consisting of an
electron rotating round a nucleus.
For one, we have assumed that the different stationary
states. correspond to an emission of a different number of
energy-quanta. Considering systems in which the frequency
is a function of the energy, this assumption, however, may
be regarded as improbable; for as soon as one quantum is sent
out the frequency is altered. W e shall now see that we can
leave the assumption used and still retain the equation (2)
on p. 5, and thereby the formal analogy with Planck's
theory.
Firstly, it will be observed &at it has not been necessary,
in orderto account for the law of the spectra by help of the
expressions (3) for the stationary states, to assume that in any
case a radiation is sent out corresponding to more than a
single energy- uantum, hv. Further information on the
frequency of t e radiation may be obtained by comparing
calculations of the energy radiation in the region of slow
vibrations based on the above assumptions with calculations
based on the ordinary mechanics. As is linown, calculations
on the latter basis are in agreement with experiments on the
energy radiation in the named region.
Let us assume that the ratio between the total amount of

1
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energy emitted and the frequency of revolution of tho
electron for the different stationary states is given by
the equation W = ~ ( T.?iw,
) instead of by the equation (2).
Proceeding in the same way as above, weget in this case
instead of (3)

Assnming as above that the amount of energy emitted
dnring t,he passing of the system from a state corresponding
to T = T ~ to one for which T = T ~ is equal to Av, we get iuste:tcl
O F (-1)

W e see that in order to get nn expression of the same form
as the Bnlmer series we must put,f(r)=m.
In order to determine c let us now consider the pawing of
the system hetween two succe-ive stationary statw corresponding to T = N and T = N - I ; introducing ~ ( T ) = c T , we
get for the frequency of thc radiation emitted

v = - 7r277~p2E2 2N- 1
2 6 ~ *-N ~ ( N
-1)2‘
For the frequency of revolution of the electron before and
after the emission we have
ON=

7r?7ne2E2

2pl13p and

wN-1=

7i-”l,lPW

2 i y N - t)3’

_____

If N is grent the ratio tetween the frequency before niid
after the emission will be very nenr equal to 1; and according
to the ordinary electrodynamics we should therefore y w c t
that the ratio between the frequency of radiation nntl the
frequency of revolution also is very nearly equal to 1. This

4.

7

Putting f ( ~=) 2’ wc,
however, again arrive at the equation (2) and consecluently
at the expression (3) for the stationary states.
If we consider the pnasing of the system between two stntcq
corresponding to T = N and T = N - - ~ , where n is 5111:Jl
compared with N, we get with the same approximation as

condition will only be satisfied if c=

above, puttingf(T)=

7

yj

L

v=

?LIZ.
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The possibility of an emission of a radiation of such a
frequency may also be interpreted from analogy with the
14

ordinary electrodynamics, as an electron rotatiiig round a
nucleus in an elliptical orbit will emit a radiation which
according to Fourier's theorem can be resolved into hoinogeneous components, the frequencies of which are no,if o is
the frequency of revolution of the electron.
W e are thus led to assume that the interpretation of the
equation (2) is not that the different stationary states correspond to an emission of ditferent numbers of energy-quanta,
but that the frequency of the energy emitted during the
passing of tho system from a state in which no energy is yet
radiated out to one of the different stationary states, is equal
to different multiples of

-,
where w is the
2
W

frequency of revo-

lution of the electron in the state considered. From this
assumption we get exactly the same expressions as before for
the stationary states, and from these by help of the principal
assumptions on p. 7 the same expression for the law of the
hydrogen spectrum. Consequently we may regard our preliminary considerations on p. 5 only as a simple form of
representing the recults of the theory.
Before we leave the discussion of this question, we shall for
a moment return to the question of the significance of the
agreement between the observed and calculated values of
the constant entering in the expressions (4) for the Balmer
series of the hydrogen spectrum. From the above consideration it will follow that, taking the starting-point in the
form of the law of the hydrogen spectrum and assumin6 that
the different lines correspond to a homogeneous radiation
emitted during the passing between different stationary
states, we shall arrive a t exactly the same expression for the
constant in question as that given by (4), if we only assume
(1) that the radiation is sent out in quanta Irv, and (2) that
the frequency of the radiation emitted during the passing of
the system between successive stationary states will coincide
with the frequency of revolution of the electron i n the region
of slow vibrations.
As all the assumptions used in this latter way of repreRenting the theory are of what we may call a qualiti i t'ive
character, we are justified in expecting-if the whole way of
considering is a sound one-an absolute agreement between
the values calculated and observed for the constant in question,
and not only an approximate agreement. The formula (4)
may therefore be of valne in the discussion of the results
of experimental determinations of the constants e, m, and A.
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While there obviously can be no question of a mechanical
foundation of the calculations given in this paper, it is, however, possible to give a very simple interpretation of the result
of the calculation on p. 5 by help of symbols taken from the
ordinary mechanics. Denoting the angular momentum of
the electron round the nucleus by Mywe have immediately
for a circular orbit lrM=

T
-,
0

where w is the frequency of

revolution and T the kinktic energy of the electron; for a
circular orbit we further haveT= W (see p. 3) and from (2),
p. 5, we consequently get
M =rX0,
where
h
Mo= = 1.04 x
21r

If we therefore assume that the orbit of the electron in
the stationary states is circiilar, the result of the calculation
on p. 5 can be expressed by the simple condition : that the
angular momentum of the electron round the nucleus in a
stationary state of the system is equal to an entire multiple
of a universal value, independent of the charge on the
nucleus. The possible importance of the angular momentum
iu the discus-ion of atomic systeins in relation to Planck’s
theory is emphasized by Nicholson *.
The great number of diiferent stationary states we do not
observe except by investigation of the emission and absorption
of radiation. I n most of the other physical phenomena,
however, we only observe the atoms of the matter in a single
distinct state, i. e . thc state of‘ the atoms at low temperature.
From the preceding considerations we are immediately led
to the assumption that the “ permanent ” state is the one
among the stationary dates during the formation of which
the greatest iimount of energy is emitted. According to the
equation (3) on p. 5, this state is the one which corresponds
to r=1.
Q 4. Absorption qf Radiation.
I n order to account for Kirchhoff’s law i t is necessary to
introduce assumptions on the mechanism of absorption of
radiation which correspond to those we have used considering
the emission. Thus we must assume that a system consisting
of a nucleus and an electron rotating round i t under certain
circumstances can absorb a radiation of a frequency equal to
the frequency of the homogeneous radiation emitted during
* J. \Ir. Kicholson, loc. n’l. p. 678.
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the passing of the system between different stationary states.
Let us consider the radiation emitted during the passing of
the system between two stationary states Al and Az corresponding to values €or T equal to T~ and T ~ T~
, > T ~ . As the
necessary condition for an emission of the radiation in question
was the presence of systems in the state Al, we must assume
that the necessary condition €or an absorption of the radiation
is the presence of systems in the state A,.
These considerations seem to be in conformity with experiments on absorption in gases. I n hydrogen gas a t ordinary
conditions for instance there is no absorption of a radiation of
a frequency corresponding to the line-spectrum of this gas ;
such an absorption is only observed in hydrogen gas in
a luminous state. This is what we should expect according
to the above. W e have on p. 9 assumed that the radiation
in question was emitted during the passing of the systems
between stationary states corresponding to 7 __
1 2 . The state
of the atoms in hydrogen gas a t ordinary conditions should,
however, correspond to T = 1; furthermore, hydrogen atoms
at ordinary conditions combine into molecules, 2. e. into
systems in which the electrons have frequencies different
from those in the atoms (see Part 111.). Prom the circumstance that certain Pubstances in a non-luminous state, aq,
for instance, sodium vapour, absorb radiation corresponding
to lines in the line-spectra of the substances, we may, on the
other hand, conclude that the lines in question are emitted
during the passing of the system between two states, one of
which is the permanent state.
H o w much the above considerations differ from an interpretation based on the ordinary electrodynamics is perhaps
most clearly shown by the fact that we have been forced to
assume that a system of electrons will absorb a radiation of a
frequency different from the frequency of vibration of the
electrons calculated in the ordinary way. It may in this
connexion be of interest to mention a generalization of the
considerations to which we are led by experiments on ihe
photo-electric effect, and which may be able to throw some
light on the problem in question. Let us consider a state of
the system in which the electron is free, i . e . in which the
electron possesses kinebic: energy sufficient to remove to infinite
(jistances from the nucleus. If we assume that the motion of
the electroil is governed by the ordinary mechanics and that
there is no (sensible) energy radiation, the total energy of
the system-as in the above considered stationary stateswill be constatit. Further, there will be perfect continuity
Letween the two kinds of states, as the difference bctwcen
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frequency and dimensions of the systems in snccessive
stationary states will diminish without limit if T increases.
I n the following considerations we shall for the sake of
brevity rerer to the two kinds of states in question as
" rnechanicd " states ; by this notation only emphasizing
tho assumption that the motion of the electron in both cases
can be accounted for by the ordinary mechanics.
Tracing the analogy between the two kinds of mechanical
states, we might now expect the possibility of an absorption
of radiation, not only corresponding to the passing of the
system between two different stationary states, but also
corresponding to the passing between one of the stationary
states and a state in which the electron is free ; and as above,
we might expect that the frequency of this radiation was determined by the equation E = h , where E is the difference
between the total energy of the gyetem in the two states.
As i t will be seen, such an absorption of radiation is just
what is observed in experiments on ionization by ultra-violet
light and by Rontgen rays. Obviously, we get in this way
the same expression for the kinetic energy of an electron
ejected from an atom by photo-electric effect as that deduced
by Einstein *, i. e. T = l i v - W, where T is the kinetic energy
of the electron ejected, and W the total amount of energy
emitted during the original binding of the electron.
The nbove considerations may further account for the
result of some experiments of R. W. Wood 7 on ahsorption
of light by sodium vapour. I n these experimentq, an
absorption corresponding to 11 w r y great number of lines in
the principal series of the sodium spectrum is observed, and
i n addition a continuous absorption which begins a t the head
of the series and extends to the extreme ultra-violet. This
is exactly what we should expect according to the analogy in
question, and, as we shall see, a closer consideration of the
above experiments allows us to trace the analogy still
further. As mentioned on p. 9 the radii of the orbits of
the electrons will for stationary states corresponding to high
values for T be very great compared with ordinary atomic
dimensions. This circumstance was used as an explanation
of the non-appearance in ex oriments with vacuum-tubes of
lines corresponding to the Kigher numbers in the Balmer
series of the hydrogen spectrum. This is also in conformity
with experiments on the emission spectrum of sodium ; in
the principal series of the emission spectrum of this substance

t

A. Einstein, Ann. d . Phys. xvii. p. 148 (1906).
R. W. Wood, Physical Optics, p. 613 (1911).

18

Dr. N. Bohr on the Constitution

rather few lines are observcd. Now in Wood's experiments
the pressure was not very low, and the states corrcsponding
to high values for T could therefore not appoar ; yet in the
absorption spectrum about 50 lines were detected. Tn tho
experiinents in question wc consequently observe an absorption
of radiation which is not acconipanied by acomplete transition
between two diffcrent stationary states. According to the
present theory we must assumc that this absorption is followed
by an einission ofenergy during which the systems pass back
to the original stationary state. If there are no collisions
between the different sTstems this energy will be emitted as
a radiation of the same frequency as that absorbed, and thero
will be n o true absorption but only a scattering of the original
radiation ; a true ahsorption will not occur unless the energy
in question is transfornied by coilisions into kinetic energy of
frott particles. I n analogy we may now from the above experinientr conclude that a bound electron-also in cases in which
there is no ionization-will
have an absorbing (scattering)
influence on a homogeneous radiation, as soon as the frequency of the radi:ition is greater than W / h , where W is the
t o t d aniount of energy emitted during the binding of the
electron. This would be highly in favour of a theory of
absorption as the one sketched above, as there can in such a
casc he 110 question of a coincidence of the frequency of the
radiation and n chnrncteristic frequency of vibration of the
electron. It will further be seen that the assumption, that
there will bu an absorption (scattering) of any radiation
corresponding to a transition between two different mechanical states, is in perfect analogy with the assumption
generally used that a free electron will have an absorbing
(scattering) influence on light of any frequency. Corresponding considerations will hold for the emission of radiation.
I n analogy to the assumption used in this paper that the
emission of line-spectra is due to the re-formation of atoms
after one or more of tho lightly bound electrons are removed,
we may assume that the liomogeneons Riintgen radiation is
emitted during the settling down of the systems after one of
the firmly bound electrons escapes, e. 9. by impact of cathode
particles *. I n the next part of this paper, dealing with the
constitution of atoms, we shall consider the question moro
closely and try to show that a calculation bnsed on this
assimption is in quantitative agreement with the results of
experiments : here we shall only mention briefly a problem
with which we meet in such a calculation.
* Compare J. J. Thornson, Phil. Mag, xxiii. p. 466 (1012).
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Experimenlts on the phenomena of X-rays suggest that not
only the emission and absorption of radiation cannot be
treated by the help of the ordinary electrodynamics, but not
even the result of a collision between two electrons of which
the one is bound in an atom. This is perhaps most clearly
shown by some very instructive calculations on the energy
of &particles emitted from radioactive substances recently
published by Rutherford *. These calculations strongly
suggest that an electron of great velocity in passing through
an atom and colliding with the electrons bound will loose
energy in distinct finite quanta. As is immcdiately seen,
this is very different from what we n i g h t expect if the result
of the collisions was governed by the nsunl mechanical laws.
The failure of the classical mechanics in such a problem
might also be expected beforehand from the absence of anything like equipartition of kinetic energy between frce
electrons and electrons bound in atoms. From the point of
view of the " mechanical " states we see, however, that the
following assumption-which
is in accord with the above
aualogy-might be able to account for the result of Rutherford's calculation and for the absence of equipartition of
kinetic energy : two colliding electrons, bound or free, will,
after the collision as well as before, be in mechanical states.
Obviously, the introduction of such an assumption would not
make any alteration necessary in the classical treatment of a
collision between two free particles. But, considering a collision between a free and a bound electron, it would follow
that the bound electron by the collision could not acquire a
less amount of energy than the difference in energy corresponding to successive stationary _states, and consequently
that the free electron which collides with it could not lose a
less amount.
The preliminary and hypothetical character of the above
considerations needs not to be emphasized. The intention,
however, has been to show that the sketched generalization
of the theory of the stationary states possibly may afford st
simple basis of representing a number of experimental facts
which cannot be explained by help of' the ordinary electrodynamics, and that the assumptions used do not seem to be
inconsistent with experiments on phenomena for which a
satisfactory explanation has been given by the classical
dynamics and the wave theory of light.

* E.Rutherford, Phil. Nag. xxiv. pp. 453 & 893 (1912),
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4 5 . The permanent Stnte qf an Atomic System.
We sliall now return to tlie main object of this paper-the

discussion of the " pcrmane;it " state of a system consisting
of nuclei and bound electrons. For a system consisting of a
nucleus and an electron rotating round it, this state is,
according to the above, determined by the condition that the
angular momentum of the electron round the nucleus is
h
equal to
2T
On the theory of this paper the only neutral atom which
contains a singlo electron is the bydrogen atom. The permanent state of thi? atom should correspond to the values of
a and u) calculated on p. 5 . TJnfortunately, however, we
know very little of the behaviour of hydrogen atoms on
account of the small dissociation of hydrogen molecules a t
ordinary temperatures. I n order to get a closer comparison
with experiments, it is necessary to coiisider more complicated
systems.

-.

Considering systems in which more electrons are bound by
positive nucleus, a Configuration of the electrons which
presents itsell' a s a perinanent state is one in which the
electrons are arranged in a ring round the nucleus. I n the
discnssion of this problem on the basis of the ordinary
electrodynamics, we meet-apart
from the question of the
energy radiation-with
new difficulties due to the question
of the stability of the ring. Disregarding for a moment this
latter difficulty, we sliall first consider the dimensions and
frequency of the systems in relation to Planclr's theory of
radiation.
Let us consider a ring consisting of n electrons rotating
round a nucleus of charge E, the electrons being arranged
a t equal angular intervals around the circumference of a
circle of radius a.
The total potential energy of the system consisting of the
electroils a i d t l i ~nueleus is
a

wliore

1s = n - l
2 cosec S T

sn =-

4

-.n

a=1

For the radial force exerted on an electron by the nucleus
:ind tlie other electroix lie get
1 dP
a

p=-

,1

da

-- - - (E-es*)*
L12
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Denoting the kinetic energy of an elcctron by T and
neglecting the electroinngnetic forces due to tlie motion of
the electrons (see P a r t lI.),we get, .putting the cciitrifugal
force on an electron equal to tlie rndial force,
2T
e
-= -(E-ees,,),
2
u
or
e
T = 2a
- (E-es,).

From this we get for the frequency of revolution

The total amount of energy IV necessnry transferred to the
system in order to reiiiove thc electrons to infiiiite distances
apart froin the nucleus and froin each other is
ne

TV=-P-nT

=-(E-es,)
2a

= nT,

equal to the total kinetic energy of the electrons.
We see that the only difference in the above formula and
those holding for the niotion of a single electron in a circular
orbit round a nucleus is the ekchange of E for E-es,,.
It is
also imnied iately seen that corresponding to tlie motion of an
electron in an elliptical orbit round u nucleus, there will be a
motion of the n electrons in which each rotates in an elliptical orbit with the nucleus in the focus, and the n electrons
a t any moment are situated a t equal angular intervals on a
circle with the nucleus as the centre. The major axis and
frequency of the orbit of tho single electrons will for this
motion be given by tlie expressions (I) on p. 3 if we
replace E by E-es,

and

W

w.

by n

Let us now suppose

that the system of n electrons rotating in a ring round a
xiucleus is formed in a way analogous to the one assumed for
a single electron rotating rouiid a nucleus. I t will thus be
assumed that the electrons, Lofore tlie binding by the nucleus,
were a t a great distance apart from the latter and possessed
n o sensible velocitics, and also that during the hinding a
homogeneous radiation is emitted. As in the case of a single
electron, w e have here that the total amount of energy emitted
during the formation of the system is equal to the final kinetic
energy of tlie electrons. If we now suppose that during the
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formation oE the system the electrons a t any moment are
situated at equal angular intervals on the circumference of a
circle with the nucleus in the centre, from analogy with
the considerations on p. 5 we are here led to assuine the
existence of a series of stationary configurations iu which
w

the kinetic energy per electron is equal to 7 1 ~- where
2’

7

is

an entire number, h Planck’s constant, and o the frequency
of revolution. The configur:ttion in which the greatest
amount of energy is emitted is, as before, the one in which
T = 1. This configuration we shall assume to be the permanent
state of the system if the electrons in this state are arranged
in a single ring. As for the case of a single electron we get
that the angular momentum of each of the electrons is equal
h
to - It may be remarked that instead of considering the
277.
single electrons we might have considered the ring as an
entity. This would, however, lead to the same result, for in
this case the frequency of revolution o will be replaced by
the frequency no of the radiation from the whole ring calculated from the ordinary electrodynamics, and T by the total
kinetic energy nT.
There may be many other stationary states corresponding
to other ways of forming the system. The assumption of the
existence of such states seems necessary in order to account
for the line-spectra of systems containing more than one
electron (p. 11); it is also suggested by the theory of
Nicholson mentioned on p. 6, to which we shall return in
a moment. The consideration of the spectra, however,.gives,
as far as I can see, no indication of the existence of stationary
states in which all the electrons are arranged in a ring and
which correspond to greater values for the total energy
emitted than the one wo above h:ive assumed to be the
permanent state.
Further, there may be stationary configurations of a
system of n electrons and a nucleus of charge E in which all
the electrons are not arranged in a single ring. The question,
however, of the existence of such stationary configurations is
not essential for our determination of the permanent state, as
long as we assume that the electrons in this state of the
system are arranged in a single ring. Systems corresponding
to more complicated Configurations will be discussed on
p. 24.
Using the relation T = h E we get, by help of the above
2
exprefisions for T and w , values for a and o corresponding to
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the permanent state of the system which only differ from
those given by the equations (3) on p. 5, by exchange of
E for E -ee&&.
The question of stability of a ring of eledrons rotating
round a poitive charge is discussed in great detail by Sir J.
J. Thonison *. An adaption of Thomson’s analysis for the
case here considered of a ring rotating round a nucleus of
negligibly sniall linear dimensions is given by Nicholson t.
The investigation of the problem in question naturally divides
in two parts : one concerning the stability for displacements
of tlte electrons in the plane of the ring ; one concerning
displacements perpendicular to this plane. As Nicholeou’s
calciilations show, the answer to the question of dahility
diEers very much in the two cases in question. While the
ring for the latter displacements in general is stable if the
nuuiber of‘ electrons is not great ; the ring is in no caw
considered by Nicholson stable for displacements of the first
kind.
According, however, to the point of view taken in this
paper, the question of stability for displacements of the
electrons in the plane of the ring is most iiitimately connected
with the question of the meclianism of the binding of the
electrons, and like the latter cannot be treated on the basis of
the ordinary dynamics. The hypothesis of which we shall
make use in the following is that the stability of a ring of
electrons rotating round a nucleus is secured through the
above condition of the universal constancy of the angular
momentum, together with the further condition that the
configuration of the particles is the one by the formation of
which the greatest amount of energy is emitted. As will bo
shown, this hypothesis is, concerning the question of stability
for a displacement of the electrons perpendicular to the plane
of the ring, equivalent to that used in ordinary mechanical
calcul.‘It’ions.
Returning to the theory of Nicholson on the origin of
lines observed i u the spectrum of the solar corona, we shall
now see that the difficulties mentioned on p. 7 may be only
formal. I n the first place, from the point of view considered
above the objection as to the instability of the systems for
displacements of the electrons in the plane of the ring may
not be valid. Further, the objection as to the emission of the
radiation in quanta will not have reference to the calcnl~t’ions
in question, if we assume that in the coronal spectrum we :we
not dealing with a true emission but only with a scattering of
radiation. This assumption seems probable if we consider
of Atoms and Molecules.

* Lac. cit.

t
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the conditions i n the celestial body in question; for on
account of the enormous rarefaction of the ini.,tter there may
be comparatively few collisions to disturb the stationary
states and to cause a true emission of light co,rresponding to
the transition between different stationary states : on tlie other
hand there will in the solar cororia be intense illuininntion of
light of’ all frequencies which may excite the natural vibrations
of the systems in the different stationary states. If the above
assumption is correct, we immediately understand tlie entirely
diff‘erent form for the laws connecting the lines discusmi by
Kicholson and those connecting the ordinary line-spectra
considered in this paper.
I’roceeding to consider systems of a more complicated
constitution, we shall make use of tlie following theorem,
which can be very simply proved :‘‘ I n every system consisting of electrons and positive
nuclei, in which the nuclei are at rest and the electrons move
in circular orbits with a velocity small compared with the
velocity of light, the kinetic energy will be nunierically e q u d
to half the potential energy.”
ljy help of this theorem we pet-as in the previons cases
of n single electron or of a ring rotating rouiid a nucleusthat the total amount of energy emitted, by the formation of
the systems from a configuration in which the distances apart
of the particles are infinitely great and in w-hich the particles
have no velocities relative to each other, is equal to tlie
kinetic energy of the electrons in the final configuration.
I n analogy with the case of a single ring WQ are here led
to assuiiie that corresponding to any configuration of equilibrium a series of geometrically similar, stxtionary configurations of the sysltom will exist in which the Irinetic
energy of every electron is equal to tlie frequency of’ reFolution multiplied by 711 where T is au entire number and 11
2
Planck’s constant. I n any such series of stationary configurations the one corresponding to the grcate-t amount of
energy emitted will be the one in which T €or every electron
is e q u d to 1. Considering that the ratio of kinetic energy
to frequency for a particle rotating in a circular orbit is
equal to T times the angular momentum round the centre of
the orbit, we are therefore led to tho following simple
generalization of the hypotheses inentioned on pp. I 5 and 2 2 .
“ I n any vnoleczila~s j s t e m consisting qj’ poshkc ?iziclci a i d
electrons in wllich the nuclei are at vest velutii*e to eucli other
unil the electi.oiis niove iu c i ~ c u l i t rorbits,
~
the umpilar inomeiztzm
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of ecery electron round the centre of its orbit will in tlie
h
permanent state qf the system be equal to
27r
’ where h is
Planck’s constant ” *.
I n analogy with the considerations on p. 23, we shall
assume that a configuration satisfying this condition is stable
if the t o l d energy of the system is less than in a n y neighbouring configuration satisfying the same condition of the
angular monientum of the electrons.
As mentioned in the introduction, the above hypothesis will
be used in a following cominunication as a basis for a theory of
t h e constitution of atoms and uiolecules. It will be shown
t h a t i t leads to results which seem to be i n conformity with
experiments on a nuinber of different phenomena.
The foundation of the hypothesis has been sought entirely
in its relation with Planck’s theory of radiation ; by help of
considerations given later it will be attempted to throw
some further light on the foundation of i t from anotlier
point of view.
April 5, 1913.

*

I n the considerations lending to this hypothesis we have assumed
that the velocity of the electrons is small compared with the velocity of
light. The liuits of the validity of this assumption will be discussed in
Part 11.
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On the Confitittrtion 41 Atoms and N o l e c d e s .
B y N. BOHR,DY.
phil. Copenhagen *.

PARTII.-SYSTEMS
COSTAINING

ONLY A

SINGLE
NVCLEVS
t.

6 1. General Assumptions.

FOLLOWING

the theory of RutherEord, we shall asmine
that the atoms of the elements consist of a positirely
charged nucleus surrounded by a cluster of el.ectrons. Tho
nucleus is the seat, of the essential part of the inass of the
atom, and has linear dirnensions exceedingly small compared
with the distances apart of the electrons in the s u r r o u n d i ~ i g
cluster.
As in the previous paper, we shall assume that the cluster
of electrons is formed by the successive binding by the
nucleus of electrons initi:iily nearly at rest, energy a t the
same time being racliatxl away. This will go on until, when
the total negative cliargo on the bouiid electrons is nunierically equal to the positire charge on the nucleus, the system
will be neutral and no longer able to exert sensible forces 011
electrons at d i h n c e s from the nucleus great in comparison
with the diriiensions of the orbits of the bound electrons.
W e m:iy regard tlie f’ormation of helium from ct rays as an

* Communicated by Prof. E. Rutherford, F.R.S.
t

1’wt 1. vvns.pnblislied in l’liil, Jlag. xxvi. p. 1 (1013).
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observed example of a process of this kind, an CL particle on
this view being identicat with the nucleus of a helium atom.
On account of' the sinall dinieiisioiis of the nucleus, it3
internal structure will not be of scnsible influence 011 the
constitution of the cluster of electrons, and consequently
will have n o effect on the ordinary physical and chemical
properties of the atom. The latter properties on this theory
will depend entirely on the total charge and inass of the
nucleus ; the internal structure of the nucleus will be of
influence only on the phenomena of radioactivity.
From tlie resnlt of esperinients on largc-angle scattering
of a-rays, Rutherford * found an electric charge on the
nucleus corresponding per atoni to a number o t electroils
approximately equal to half the atomic weight. This result
seems to b n in agreement with the number of electrons per
atom calculated from euperinients on scattering of Kihtgeii
radiation t. The total experimental evidence supports the
hypothesis $ that the actual number of electrons in a neutral
atom with n few exceptions is equal to the number which
indicates the position of the corresponding eleinent in the
series of elements arranged in order of increasing atomic
weight. F o r example on this view, the atom of oxygen
which is the eighth ele~nentof the series has eight electrons
and R nucleus carrying eight unit charges.
M7e shall assunic t h t the electrons are arranged a t equal
:ingular intervals in coaxial rings rotating rouiid the nucleu?.
J n order to determine the frequency and diniensions of the
rings we shall use tlie m a i n hypotliesis of the first paper,
viz. : that in the pertrianent state of an atom the angular
inomentuin of every electron round the centre of its orbit is

equal to the universal value

I1

2 2

where

11

is Planck's constant.

W e shall take a s ;L condition of stability, that the total
energy of the system in the configuration in question is less
than in any neiglibouring configuration satisfying the smie
condition of the angular inornentum of the electrons.
If the charge on the nucleus and the nuniber of electrons
in the different rings is Irnown, the condition in regard to
the angular monientuni of the electrons will, as shown iu
§ 2, completely determine the configuration of the system.
2. e., the frequency of revolution and the linear dimensions of
the rings. Corresponding t,o different distributions of tho

* Comp. also Geiger and Blarsden, Phil. 31ng. xxv. p. 604 (1913).

t

Comp. C. G. Borkla, Phil. Mag. xxi. p. 648 (1911).
$ Comp. A. v. d. Broek, Phys.Zeitscirr. s i v . p. 38 (1913).
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electrons in the rings, however, there will, in general, be
more than one configuration which will satisfy the condition
of the angular inomentuin together with the condition of
stability.
I n Q 3 and 0 4 it will be shown that, on the general view
of the formation of the atoms, we are led to indications of
,the arrangement of the electrons in the rings which are consistent with those suggested by the chemical properties of
the corresponding element.
I n Q 5 it will be shown that it is possible froin the theory
to calculate the minimum velocity of cathode rays necessary
to produce the characteristic Rantgen radiation from the
element, and that this is in approximate agreement with the
experimental values.
I n 0 6 the phenomena of radioactivity will be briefly considered in relation to the theory.
478
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Q 2. Conjguration and Statrilitp sf' the Systems.
Let us consider an electron of charge c and mass rn which
moves in a circular orbit of radius a with a velocity v small
compared with the velocity of light. Let us denote the
E2

radial force acting on the electrons by - F ; F will in
a2

general be dependent on a. The condition of dynamical
equilibrium gives

Introducing the condition of universal constancy of the
angular momentum of the electron, we have
h
nzva= -

2T'

From these two conditions we now get
a=

h2
F-l
PT e rn

--2b-

.

,

. . . . .

.

27d
and v = - F ;
h

and for the frequency of revolution o consequently
o=-

4r2e4m
F2.
h3

(1)

(2)

If F is known,: the dimensions and frequency of the corresponding orbit are simply determined by (1)and (2). For a
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ring of 1% electrons rotating round a nucleus of charge N e
we have (comp. P a r t I., p. 20)
oj'

F =N - s,

where

18=11-1

.S; T

sn = . Z cosec

4,=1

The values for s,, froin ?t= 1 to ? z = 16 are given in the table
on p. 482.
For sveteins consistins of nuclei and electrons in which
the firs; are a t rest and the latter move in circular orbits
with a velocity sinall compared with the velocity of light,
we have shown (see P a r t I., p. 24) that the total kinetic
energy of the electrons i.j equal to the total ainoui~tof energy
emitted during the formation of the system from an original
configuration in which all the particles are a t rest and a t
infinite distances from each other. Denoting this amount of
energy by W, we conqequently get
0

\,
w=,
2

112

2+e4m,,
-,F.

2-

'L'

I.

Putting in (l),(2), and (3) e = 4 * 7
and h=6.5

. lo-''

~ ~ 0 . 5 lO-PF-',
5 .
and

.

0

-

na

we get
c=d*l. l O T ,

W=2.0

. . . .

(3)

.

~ 5 . 3 1 1017,

1

w = ( i * 2 . 1015Fa

. 10-"PFo.

(4)

I n neglecting the magnetic forces due to the motion of
the electrons we have in P a r t I. assumed that the velocities
of the particles are srnall compared with the velocity of light.
The above calculations show that for this to hold, F must bo
small compared with 150. As will be seen, the latter condition will be satisfied for all the electrons in the atoms of
elements of low atomic weight and €or a greater part of the
electrons contained in the atoms of the other elements.
If the velocity of the electrons is not small compared with
the velocity of light, the constancy of the angular momentum
no longer involves a constant ratio between the energy and
the frequency of revolution. Without introducing new
assumptions, we cannot therefore in this case determine the
configuration of the systems on the basis of the considerations in P a r t I. Considerations given later suggest, however, that the constancy of the angular momentum is the
principal condition. Applying this condition for velocities
2K2

480
Dr. N. Bohr on the Constitution
not small compared with the velocity of light, we get t h e
same expression for v as that given by (l),while the quantity
wl

in the expressions for a and w is replaced by 2/(14"c2>"
and in the expression for TV by

As stated in P a r t I., a calculation based on the ordinary
mechanics gives the result, that a ring of electrons rotating
round a positive nucleus in general is unstable for displacements of the electrons in the plane of the ring. I n order to
escape from this difficulty, we have assumed that the ordinary
principles of mechanics cannot be used in the discussion of
the problem in question, any more than in the discussion of
the conxieuted problem o f t h e mechanism of binding of electrons. W e have also assumed that the stabilitp for such
displacements is secured through the introduction of the
hypothesis of the universal constancy of the angular momentum of the electrons.
As is easily shown, the latter assumption is included in the
condition of stability in 1. Consider a ring of electrons
rotating round a nucleus, and assume that the system is in
dynamical equilibrium and that the radius of the ring is a,,
tho velocity of the electrons P,, the total kinetic energy To,
and the potential energy Po. As shown in Part I. (p. 21)
we have Po=-2To.
Next consider a contiguration of the
system in which the electrons, under influence of extraneous
forces, rotate with the same angular momentum round the
nucleus in a ring of radius a=aao. I n this case we have
1

P = -Po,and on account of the uniformity of the angular
a
1
1
momentum v = - wo and T = - To. Using the relation
a
U2
Po= 2To, we get
P + T =1 ~ P ~-1- +
- T o = P o + T o + T ~ ( l - ~a)

-

a2

-

We see that the total energy of the new configuration is.
greater than in the original. According to the condition of
stability in 4 1 the systam is consequently stable for t h e
displacement considered. I n this connexion, it may be remarked that in P a r t I. we have assumed that the frequency
of radiation emitted or absorbed by the systems cannot be
determined from the frequencies of vibration of the electrons
in the plane of the orbits, calculated by help of the ordinary
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mechanics. W e have, on the contrary, assumed that the
frequency of the radiation is determined by the condition
?iv=E, where v is the frequency, h Planck's constant, and E
the difference in energy corresponding to two different
" stationary " states of the system.
I n considering the stability of a ring of electrons rotating
round a nucleus for displacements of the electrons perpendicular to the plane of the rin , imagine a configuration
of the system in which the e ectrons are displaced by
&, 622, . . . 62, respectively, and suppose that the electrons,
under influence of extraneous forces, rotate in circular orbits
parallel to the original plane with the same radii and the
Same angular momentum round the axis of' the system as
before. The kinetic energy is unaltered by the displacement,
and neglecting powers of the quantities 6z1, . . 6z,, higher
than the second, the increase of the potential energy of the
system is given by
7r(r--s)
1 e2
(szr-6z,)2,
21 e2
- j NC ( 6 ~ ) ~- - cz IcosecS----U
32a3
1
n

7

.

..

~

where u is the radius of the ring, Ne the charge on the
nucleus, and n the number of electrons. According to the
condition of stability in 0 1 the system is stable for the displacements considered, if the above expression is positive for
arbitrary values of 6zl, . . . 6zn. B y a simple calculation it
can be shown that the latter condition is equivalent to the
condition
N>p,,o -~n,rn, * * . *
(5)
where rn denotes the whole number (smaller than n ) for
which

.

0

has its smallest value. This condition is identical with the
condition of stability for displacements of the electrons perpendicular to the plane of the ring, deduced by help of
ordinary mechanical consideratioiis *.
A suggestive illustration is obtained by ima ining that
the displacements considered are produced by t e effect of
extraneous forces aciing on the electrons in a direction
parallel to the axis of the ring, If the displacements are
produced infinitely slowly the motion of the electrons will
at any moment be parallel to the original plane of the ring,
and the angular momentum of each of' the electrons round
* Comp. J.W. Nicholson, Month. Not. Roy. Astr. SOC.73. p. 62(1912).
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the centre of its orbit will obviously be equal to its original
value ; the increase in the potential energy of the system
will be equal to the work done by the extraneous forces
during the displacements. From such considerations we are
led to assume that the ordinary mechanics can be used in
calculating the vibrations of the electrons perpendicular to
the plane of the ring-contrary to the case of vibrations in
the plane of the ring. This assumption is supported by the
apparent agreement with observations obtained by Nicholson in his theory of the origin of lines in the spectra of the
solar corona and stellar neb& (see Part I. pp. 6 & 23).
In addition it will be shown later that the assumption seems
to be in agreement with experiments on dispersion.
The following table gives the values of s,, and p,t,o-pn,flb
from n = l to n=16.
n,

s,,,

1 ............ 0
2 ............ 0%
3 ............ 0.577
4 ............ 0.957
5 ............ 1.377
G ............ 1.828
7 ............ 2.305
8 ............ 2.805

Pn,

o-l’n,

0

0.25

om

1.41
2.43
4.25

6.38
9.56

111

;

It,

9
10
11
12
13
14
15
16

W e see from the table that the number of electrons which
can rotate in a single ring round a nucleus of charge N s
increases only very slowly for increasing N ; for N=2O the
maximum value is n=lO ; for N=40, ?z=13 ; for N=60,
? ~ = 1 5 . W e see, further, that a ring of n electrons cannot
rotate in a single ring round a nucleus of charge n e unless
n< 8.
In the above we have supposed that the electrons
move under the influence of a stationary radial force and
that their orbits are exactly circular. The first condition
will not be satisfied if we consider a system containing
several rings of electrons which rotate with different frequencies. If, however, the distance between the rings is not
small in comparison with their radii, and if the ratio between
their frequencies is not near to unity, the deviation from
circular orbits may be very small and the motion of the
electrons to a close approximation may be identical with
that obtained on the assurnption that the charge on the
electrons is uniformly distributed along the circumference of
the rings. If the ratio between the radii of‘ the rings is not
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near to unity, the conditions of stability obtained on this
arsuniption may also be considered as sufficient.
W e have assumed in 0 1 that the electrons in the atoms
rotate in coaxial rings. The calculation indicates that only
in the case of systems containing a great number of electrons
will the planes of the rings separate ; in the case of systems
containing a nioderate number of electrons, all the rings will
be situated in a single plane through the nucleus. For the
sake of brevity, we shall therefore here only consider the
latter case.
Let us consider an electric charge E uniformly distributed
along the circumference of a circle of radius a.
A t a point distant z from the plane of the ring, and a t a
distance T from the axis of the ring, the electrostatic potentinl
is given by
\

Putting in this expression z=O and - =tan2a, and using
a
the notation
9'

we get for the radial force eserted on an electron in a point
i n the plane of the ring

where
&(a)=

7r
zsin4a(K(2a)-cot

aK'(2a)).

The corresponding force perpendicular to the plane of the
ring a t a distance T from the centre of the ring and a t a
small distance 6- from its plane is given by

where

R(a)= 2-~in6a(K(2a)+tan(2a)I<'(2~))
.IT
;

A short table of the functions &(a) and R(a) is given
on p. 485.
Next consider a system consisting of a number of concentric
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rings of electrons which rotate in the same plane round a
nucleus of charge Ne. Let the radii of the rings be al, u2, , , . ,
and the number of electrons on the different rings nl,
712,

....

Putting

.

a

as

= tan2

we get for the radial force acting
e2

on an electron in the rth ring TF,., where
‘r

F,.=N-s,, -C~~,Q(al.,~)
;
the summation is to be taken over all the rings except the
one considered.
If we know the distribution of the electrons in the
different rings, from the relation ( I ) on p. 478, we can, hy
help of the above, determine a,, a 2 , . ... . The calculation
can be made by successive approximatlons, starting from a
set of values for the a’s, and from them calculating the F’s,
:tnd then redetermining the a’s by the relation (1) which

F

gives 2 - 5 =tan2 (ar, and so on,
F, - a,
As in the case of a single ring it is supposed that the
systems are stable for disp1:icements of the electrons in the
plane of their orbits. I n a calculation such as that on p. 480,
the interaction of the rings ought strictly to be taken into
:~ccount. This interaction will involve that the quantities F
are not constant, as for a single ring rotating round a nucleus,
but will vary with the radii of the rings ; the variation in F,
however, if the ratio between the radii of the rings is not
very near to unity, will be too small to be of influence on
the result of the calculation.
Considering the stability of the systems for a displacement
of the electrons perpendicular to the plane of the rings, it is
necessary to distinguish between displacements in which the
centres of gravity of the electrons in the single rings are
unaltered, and displacements in which all the electrons
inside the same ring are displaced in the same direction.
The condition of stability for the first kind of displacements
is given by the condition ( 5 ) on p. 481, if for every ring we
replace N by a quantity G,. determined by the condition
e9
that T G , & is equal to the component perpendicular to the
a,

plane of the ring of the force-due to the nucleus and the
electrons in the other rings-acting on one of the electrons
if it has received a small displacement &. Using the same
notation as above, we get

Gy=N-Xn,R(ar,

8).
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If a11 the electrons in one of the rings are displaced in the
Fame direction by help of extraneous forces, the displacement will produce corresponding displacements of the
electrons in the other rings ; and this interaction will be of
influence on the stability. For example, consider a system
of na concentric rings r o t a h g in a plane round a nucleus of
charge Ne, and let us assume that the electrons in the
different rings are displaced perpendicular to the plane by
Biz,
8znt respectively. With the above notation the
iucrease in the potential energy of the system is given by
oj'

....

The condition

of stability is that this expression is positive
for arbitrary values of 8q,. 8znL. This condition can be

...

worked out simply in the usual way. I t is not of sensible
influence compared with the condition of stability for the
displacements considered above, except in cases where the
system contains severai rings of few electrons.
The following Table, containing the values of &(a) and
]%(a)for every fifth degree from a=2Oo to a=TOo, givee an
estimate of the order of magnitude of these functions :n.

~

tanzr.

---20 .........' 0,132
~

25

YO

35
40
45
50
55
60
65
70

.........I

. . .I

..........
.........

~

.........~
.........
.........
~

~

.........1
..........
.........

0.217
0.333
0.490
0,704
1.000
1'420
2,040
3,000
4.599
7.548

R(a).

--

&(a).

--

0.001
0,005
0.021
0.080
0.373

0,002
0.011

1.708
1.233
1.093
1.037
1.013

4.438
1.839
1.301
1.115
1.041

......

0.048
0317
1.549

......

tan2 a indicates the ratio between the radii of the rings
(tang (a,.,,)= 3). The wlues of &(a) show that unless the
a,
ratio of the radii of the rings is nenrly unity the effect of
outer rings on the dimensions of inner rings is very small,
and that the corresponding effect of inner rings on outer is
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to neutralize approximately the effect of a part of the charge
on the nucleus corresponding to the number of electrons OR
the ring. The values of R(a) show that the effect of outer
rings on the stability of inner-though greater than the
effect on the dimensions-is m a l l , but that unless the ratio
between the radii is very great, the eflect of inner rings on
the stability of outer is considerably greater than to neutralize
a corresponding part of the charge of the nucleus.
The innsimum number OE electrons which the innermost
ring can contain without being unstable is approximately
equal to that calculated on p. 482 for a single ring rotating
round a nucleus. For the outer rings, however, we get
considerably smaller numbers than those determined by the
condition ( 5 ) if we replace Ne by the total charge on the
nucleus and on the electrons of inner rings.
If a system of rings rotating round a nucleus in a single
plane is stable for small displacements of the electroils
perpendicular to this plane, there will in general be no stable
configurations of the rings, satisfying the condition of the
constancy of the angular momentum of the electrons, in
which all the rings are not situated in the plane. An
exception occurs in the special case of two rings containing
equal numbers of electrons ; in this case there niay he a
stable configuration in which the two rings have equal radii
and rotate i n parallel planes at equal distances from the
nucleus, the electrons in the one ring being situated just
opposite the intervals between the electrons in the other
ring. The latter confignration, however, is unstable if the
configuration in which all the electrons in the two rings are
arranged in a single ring is stable.

$ 3. Constitution qf J toms containing very .few Electrons.
As stated in 4 1, the condition of the universal constancy
of the angular momentum of the electrons, together with
the condition of stability, is in most cases not sufficient to
determine completelp the constitution of the system. On
the general view of formation of atoms, however, and by
making use of the knowledge of the properties of the
corresponding elements, it will be attempted, in this section
and the nest, to obtain indications of what, configurations of
the electrons myy be expected to occur in the atoms. In
these considerations we shall assume that the number of
electrons in the atom is equal to the number which indicates
the position of the corresponding element in the series of
elements arranged in order of increasing atomic weight.
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Exceptions to this rule will be supposed to occur only a t
such places in the series where deviation from the periodic
law of the chemical properties of the elements are observed.
I n order to show clearly the principles nsed we shall first
consider with some detail those atoms containing very few
electrons.
F o r sake of brevity we shall, by the symbol N(nl, n2 . .),
refer to a plane system of rings of electrons rotating round
a nucleus of charge Ne, satisfying the condition of the
angular momentum of the electrons with the approximation
used in $ 2. nl,n 2 , . are the numbers of electrons in the
rings, starting from inside. B y al, a,,
and a,, w2, .
we shall denote the radii and frequency of the rings taken
in the same order. The total amount of energy W emitted
by the formation of tho system shall simply be denoted by

..

..

W"(%

n2, *

*

...

..

.>I

*

Hy dr oge IZ .

N=l.

I n P a r t I. we have considered the binding of an electron
by a positive nucleus of charge e , and have shown that it is
possible to accouiit for the Balmer spectrum of hydrogen
011 the assumption of the existence of a series of stationary
states in which the angular momentum of the electron round
11

the nucleus is equal to entire multiples of the value - where
2T'
h is Planck's constant. The formula found for the frequencies
of the spectrum was

where 71 and r2 are entire numbers. lntroducing the values
for e, m, nnd 11 used on p. 479, we get for the factor before
the bracket 3.1 10l6*; the value observed for the constant
in the Balmer spectrum is 3.290.

.

* This value is that calculated in the first part of the paper. Using the
vnlues e=4*78, lo-'' (see R. 9.
Millikan, Brit. Assoc. Kep. 1912, p. 410),

5 =5#31. lo1' (see P. Gmelin, Ann. d. Pkys. xxviii. p. 1086 (1909) and

m

A. H. Bucherer, A n n . d. Plays. xxxvii. p. 597 (1912)), and

'e

rL= 7-27.10'"

(calculated by Planck's theory from the experiments of E. Warburg,

2e .

0.Leithauser, E. Hupka, and C. Miiller, Ann. d.Phy8. XI. p. 611 (1913))
we get

k

=3*26 10'; in very close agreement with observations.
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For the permanent state of a neutral hydrogen atom we
get from the formula (1)and (2) in Q 2, putting F = l ,

These values are of the order of magnitude to be expected.
For

e

we get 0,043, which corresponds to 13 volts ; the

value for the ionizin potential of a hydrogen atom, calculated by Sir J. J. Tgh omson from experiments on positive
rays, is 11 volts *. No other definite data, however, are
available for hydrogen atoms. For sake of brevity, we shall
in the following denote the values for a, o,and W corresponding to the configuration l ( 1 ) by ao, ooand Woe
A t distances from the nucleus, great in comparison with
ao, the system 1(1) will not exert sensible forces on free
electrons. Since, however, the configuration :
l(2)
a=1.33 ao, o=O*563 oo, W=1*13 TVo,
corresponds to a greater value for W than the coilfiguration
1(1), we may expect that a hydrogen atom under certain
conditions can acquire a negative charge. This is in agreement with experiments on positive rays. Since W [1(3)] is
only 0.54, a hydrogen atom cannot be expected to be able to
acquire a double negative charge.

N=2.
He1i t t i n .
As shown in Part I., using the same assulnptioiis as for
hydrogen, we must expect that during the binding of an
electron by a nucleus of charge 2e, a spectrum is emitted,
expressed by
2.rr2me'
1
y=
- 1
___

-

113

(;y ey)j

This spectrum includes the spectrum observed by Pickering
i n the star Puppis and the spectra recently observed by
Fowler ,in experiments with vacuum tubes filled with a
mixture of hydrogen and helium. These spectra are generally
ascribed to hydrogen.
For the permanent state of a positively charged helium
atom, we get
2 (1)
a =+ao,
o =400,
W =4W0.
* J. J. Thomson, Phil. Mag. xxiv. p. 218 (1912).
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At distances from the nucleus great compared with the
radius of the bound electron, the system 2(1) will. to a close
approximation, act on an electron as a simple nucleus of
charge e . F o r a system consisting of two electrons and a
nucleus of charge 2e, we may therefore assume the existence
of a series of stationary states in which the electron most
lightly hound moves approximately in the same way as t h e
electron in the stationary states of a hydrogen atom. Such
a n assumption has already been used in Part I. in an attempt
to explain the appearance of Rydberg’s constant in the
formula for the line-spectrum of any element. W e can,
however, hardly assume the existence of a stable configuration in which the two electrons have the same angular
momentum round the nucleus and move in difierent orbits,
the one outside the other. In such a configuration the
electrons would be so near to each other that the deviations
from circular orbits would be very great. For the permanent
state of a neutral helium atom, we shall therefore adopL the
configuration
2(2)
a=0-571 ao, 0=3*06 wo, W = 6 * 1 3 Wo.
Since
W[2(2)] - TT[2(1)] = 2.13TV0,
we see that both electrons in a neutral helinm atom are more
firmly bound than the electron in a hydrogen atom. Using
the values on p. 488, we get
TV = 6.6 .
1
2.13 . W = 27 volts and 2.13 -2
;

-’e

JL

these values are of the same order of magnitude as the value
observed for the ionization potential in helium, 20.5 volt *,
and the value for the frequency of the ultra-violet absorption in helium determined by experiments on dispersion
5.9 1015-& t.
The frequency in question may be regarded as corresponding to vibrations in the plane of the ring (see p. 480).
The frequency of vibration of the n hole ring perpendicular
to the plane, calculated in the ordinary way (see p. 482), is

.

* J. Franck u. G. Hertz, Verh. d. Beutach. Phys. Ges. xv. p. 34 (1913).
f C. andbf. Cuthbertson, Proc. Roy. SOC.A. lxxxiv. p. 13 (1910). (In

previous paper (Phil. Mag. Jan. 1913) the author tnoli the values for
the refractive index in helium, given b M. and C. Cuthbertson, as
corresponding to atmospheric ressure ; d e s e valuelc, however, refer to
double atmospheric pressure. 8onaequently the value there given for the
number of electrons in a helium &tomcalculated from Drude’s theory has
to be divided by 2.)
R
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given by u=3.27w0. The fact that the latter frequency
is great compared with thai, observed might explain that
the number of electrons in a helium atom, calculated by help
sf Drude’s theory from the experiments on dispersion, is
only about two-thirds of the number to be expected. (Using
e

-=5*31
va

. 10’’ the value calculated is 1.2.)

For a configuration of a helium nucleus and three electrons,
we get
2(3)
u=0*703ao, 0=2*02 o0, W=6-07 Wo.
Since JV for this configuration is smaller than for the configuration 2(2), the theory indicates that a helium atom
cannot acquire a negative charge. This is in agreement
with experimental evidence, which shows that helium atoms
have no “affinity” for free electrons *.
I n a later paper i t will be shown that the theory offers a
simple explanation of the marked difference in the tendency
of hydrogen and helium atoms to combine into molecules.

N- 3.

Litliizan.
I n analogy with the cases of hydrogen and helium we
must expect that during the binding of an electron by a
nucleus of charge 3e, a spectrum is emitted, given by

On account of the great ener5y to be spent in removing all
the electrons bound in a lithium atom (see below) the
spectrum considered can only be expected to be observed in
extraordinary cases.
I n a recent note Nicholson? has drawn attention to the
fact that in the spectra of certain stars, which show the
Pickering spectrum with special brightness, some lines occur
the frequencies of which to a close approximation can be
expressed by the formula
1
v = K -1- _ (4

(?nk+l2)’

where K is the same constant as in the Balmer spectrum of
hydrogen. From analogy with the Balmer- and Piclreringspectra, Nicholson has suggested that the lines in question
are due to hydrogen.
See J. Frenck, Verh. d. Deutsch. Phys. Ges. xii. p. 613 (1910).

t J. W. Nicholson, Month. Not. Roy. Astr. SOC.lxxiii. p. 382 (1913).
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It is seen that the lines discussed by Nicholson are given
by the above formula if we put -r2= 6. The lines in question
correspond toT1=10,13, and 1 4 ; if we for ~ ~ put
= T 6~ = Q ,12
and 15, we get lines coinciding with lines of the ordinary
Balmer-spectrum of hydrogen. If we in the above formula
put ~ = 1 , 2 ,and 3, we get series of lines in the ultra-violet.
If we put ~ ~ we
= get
4 only a single line in visible spectrum,
= 5 gives Y = 6.662. lo'.', or a wave-length
viz.: for ~ ~ which
X =4503 lo-* cm. closely coinciding with the wave-length
4504.
ctn. of one of the lines of unknown origin in the
table quoted hy Nicholson. I n this table, however, no lines
occur corresponding to ~ ~ = 5 .
For the permanent state of a lithium atom with two
positive charges we get a configuration

.

3(1)

a=iao,

w = gw,,,

TV = 9w,.

The probability of a permanent configuration in which
t w o electrons move in different orbits around each other
must for lithium be considered still less probable than for
helium, as the ratio between the radii of the orbits would be
still nearer to unity. For a lithium atom with a single
positive charge we shall, therefore, adopt the configuration:
3(2)

a=0*364ao,

w=7*56wO,

1V=15*13T%-o.

Since W[3 (2)] -W[3(1)] = G e l 3 Wo, we see that the
first two electrons in a lithium atom are very strongly bound
compared with the electron in a hydrogen atom ; they are
still inore rigidly bound than the electrons in a helium
atom.
From a consideration of the chemical properties we should
expect the following configuration for the electrons in a
neutral lithium atom :

This configuration may be considered as highly probable
also from a dynamical point of view. The deviation of the
outermost electron from a circular orbit will be very small,
partly on account of the great values of the ratio between
the radii, and of the ratio between the frequencies of the
orbits of the inner and outer electrons, partly also on account
of the symmetrical arrangement of the inner electrons.
Accordingly, it appears probable that the three electrons
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will not arrange themselves in a single ring and form the
system :
3(3)
a = O W a,,
0=5-87 o0, W=17*6l TV,,
although W for this configuration is greater than for
3 (2, 1).
Since W [3 (2,111 --TV [3 (211 =0*89 IV,, we see that the
outer electron in the configuration 3 ( 2 , 1 ) is bound even more
lightly than the electron in a hydrogen atom. "'be difference in the firmness of' the binding corresponds to a
difference of 1.4 volts in the ionization potential. A marked
difference between the electron in hydrogen and the outermost electron in lithium lieaalso in the greater tendency of
the latter electron to leave the plane of the orbits. The
quantity G considered in Q 2, which gives a kind of measure
for the stability for displacenients perpendicular to this plane,
is thus for the outer electron in lithium only 0.55, while for
hydrogen it is 1. This map have a bearing on the explanation of the apparent tendency of lithium atoms to take a
positive charge in chemical combinations with other
elements.
For a possible negatively charged lithium atom we may
expect the configuration :

I t should be remarlied that we have no detailed knowledge
of the properties in the atomic slate, either for lithium or
hydrogen, or for most of the elements considered below.
N=4.

.

Beryl 1ium
For reasons analogous to those considered for helium and
lithium we may for the formation of a neutral beryllium atom
assume the following stages :
4 (1)
a=0*25 a,
w = l 6 wg
W=16 Wo,
4(2)
a=0'267 a.
0=14.06 wo W=28.13 Wo,

although the configurations :
4 (3)
a=0*292aO w=11.71 wo
4(4)
a=0.329 a.
w = 9.26 O,

W=35.14 W,,
W=37.04 TIT,
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correspond to less value3 for the total energy than the configurations 4 (2, I ) and 4 (2.2).
Prom analoFy we get further for the configuration of a
possible negatively charged atom,

Comparing the outer ring of the atom considered with the
ring of a helium atom, we see that the presence of the inner
ring of two electrons in the beryllium atom markedly changes
the properties of the outer ring; partly because the outer
electrons in the configuration adopted €or a neutral berylli t i i n
atom are more lightly bound than the electrons in B hrliutn
atom, and partly because the quantity G, which for helium
i s equal to 1, for the outer ring in the configuration 4 ( 2 , ~ )
is only equal to 1.12.
Since W[4 (a, 3)] -W[4 (2,2)] =0*05 TIT,
the beryllium
atom will further have a definite, altliough very sinall affinity
for free electrons.

4. Atom containing greater nunibers of electrons.
From the examples discussed in the former section it will
appear that the problem of the zrrangelnent of the electrons
in the atoms is intimately connected with the question of the
confluence of two rings of electrons rotating roiind a nucleus
outside each other, and satisfying the condition of the
universal constnncy of the angular momentum. Apart from
the necessary conditions of stability for displacements of the
electrons perpendicular to the plane of the orbits, the present
theory gives very little information on this problem. It
seems, however, .possible by the help of simple considerations
to throw some light on the question.
Let us consider two rings rotating round a nucleus in a
single plane, the one outside the other. Let us assume that
the electrons in the one ring act upon the electrons in the
other as if the electric charge were uniformly distributed
along the circumference of the ring, and that the rings with
this approximation satisfy the condition of the angular
momentum of the electrons and of stability for displacements
per endicular to their plane.
$ow suppose that, by help of suitable imaginary extraneous forces acting parallel to the axis of tho rings, we pull
the inner ring slowly to one side, During this process, on
account of the repulsion from the inner ring, the outer will
inove to the opposite side of the original plane of the rings.
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During the displacements of the rings the angular momentum
of the electrons round the axis of the syciteni will remain
constant, and the diameter of the inner ring will increase
while that of the outer will diminish. A t the beginning of
the displacement the magnitude of the extraneous forces to
be applied to the original inner ring will increase but thereafter decrease, and a t a certain distance between the plane
of the rings the system will be in a configuration of equilibrium. This equilibrium, however, will not be stable. If
we let the rings slowly return they will either reach their
original position, or they will arrive a t a position in which
the ring, which originally was the outer, is now the inner,
and vice versa.
If the charge of the electrons were uniformly dis$dbuted
along the circumference of the rings, we could I y the
process considered at most obtain an interchange of the
rings, but obviously not a junction of them. Taking, however, the discrete distribution of the electrons into account,
it can be shown that, in the special case when the number
of electrons on the two rings are equal, and when the rings
rotate in the same direction, the rings will unite by the
process, provided that the final configuratioii is stable. I n
this case the radii and the frequencies of the rings will be
equal in the unstable configuration of equilibrium mentioned
ahove. I n reaching this configuration the electrons in the
one ring will further be situated just opposite the intervals
between the electrons in the other, since such an arrangement will correspond to the smallest total energy. If now
we let the rings return to their original plane, the electrons
in the one ring will pass into the intervals between the
electrons in the other, aud form a single ring. Obviously
the ring thus formed will satisfy the same condition of the
angular momentum of the electrons as the original rings.
If the two rings contain unequal numbers of electrons the
system will during a process such as that considered behave
very differently, and, contrary to the former case, we cannot
expect that the rings will flow together, if by help of extraneous
forces acting parallel to the axis of the system they are
displaced slowly from their original plane. It may i n this
connexion be noticed that the characteristic for the displacements considered is not the special assumption about
the extraneous forces, but only the invariancc cf the angular
momentum of the electrons round the centre of the rings ;
displacements of this kind take in the present theory a
similar position to arbitrary displacements in the ordinary
mechanics.
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The above considerations inny be taken as an indication
that there is a greater tendency for the confluence of two
rings when each contains the same number of electrons.
Considering the successive binding of electrons by a positive
nucleus, we conclu&iTrom this that, unlecs the charge on
the nucleus is very great, rings of electrons will only join
together if they contain equal numbers of electrons ; and
that accordingly the numbers of electrons on inner rings
will only be 2, 4, 8, ... , If the charge of the nucleus is
very great the rings of electrons first bound, if few in
number, will be very close together, and we must expect
that the configuration will be very unstable, and that a
gradual interchange of electrons between the rings will be
greatly facilitated.
This assumption in regard to the number of electrons in
the rings is strongly supported by the fact that the chen:ic:il
properties of the elements of low atomic weight vary with a
period of 8. Further, it follows that the number of electrons
on the outermost ring will always be odd or even, according
as the total number of electrons in the atom is odd or even.
This has a sug6estive relation to the fact that the valency of
an eleitient of lorn atomic weight always is odd or even
according as the number of the element i n the periodic
series is odd or even.
F o r the atoius of the elements considered in the former
section we have assumed that the two electrons first bound
are arranged in a single ring, and, further, that the two next
electrons are arranged in another ring. If N 2 4 the configuration N(4) will correspond to a smaller value for the
total energy than the configuration N (3,2). The greater the
value of N the closer will the ratio between the radii of
the rings in the configuration N(2,a)’approach unity, and
the greater will be the energy emitted by an eventual confluence of the rings. The particular member of the series
of the elements for which the four innermost electrons will
be arranged for the first time in a single ring cannot be
determined from the theory. Prom a consideration of the
chemical properties we can hardly expect that it will have
taken place before boron (N=5) or carbon ( N = 6 ) , on
account of the observed trivalency and tetravalency respectively of these elements ; 011 the other hand, the periodic
system of the elements strongly suggests that already in neon
(N=10) an inner ring of eight electrons will oc‘cur. Unless
K 2 1 4 the configuration N (4,4) corresponds to a snlaller value
for tho total energy than the configuration N(s); already
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for N z l 0 the latter configuration, however, will be stable
for displacements of the electrons perpendicular to tlie plalie
of their orbits. A r i n g of 1 6 electrons mill not be stable
unless Iy is very great ; but i n such a case the simple
considerations mentioned above do not apply.
The coiifluenco of two lings of' equ:il number of electrons,
which rot:ttc ronnd a nucleus of clinrge Ne outside n ring of
n electrons nlrrndy bound, must be ehpected to take place
more easily than the confluence of two <iniilar rings rotating
round n nucleus of charge (N-n)?; for tlie stability of the
rings for a dicplacement perpendicular to their plnne mill
(see 6 2 ) be snialler in the first tlian in the latter case. This
tendency for stal)ility to decrease for disp1:icements perpendicular to the plane of the ring will be especially marked for
t h e outer ringq of electrons of a neutral atom. I n the latter
case we i n a t expect the conflaence of rings to be grwtly
facilitated, and in certain cases it mny e t e n liappc~nthat t h e
number, of electrons in the outer ling may be greater than
i n t h e next, and that the onter ling 111:ipsliow deviations
from the assumption of 1, 2, 4, 8 electrons in the rings,
e. g. the configurations 5 ( 2 ,3 ) and 6 (2,4) instead of the configurntion3 5 ( 3 , 2 , 1 ) and 6 ( 2 , 2 , 2 ) . W e shall here not dijcuss
further the intricate que5tion of tlie arrangement of tlie
electrons i n the onter ring. In the scheme given Gelow the
number of electrons in this ring is arbitrarily p u t equal to
the normal valencj of t h e corrcsponcling elenletit ; i. e . f'or
electroneptive and electropositii e elements respectively the
number of hydrogen :itoitis and twice the number of' oxygen
atoms with vhicli one atom of tlie elenleiit combines,
Such an arrangement of the outer electrons is suggested
by considerations of atomic volumes. A s is well lino\y11, tlie
atomic volume of the elements is a periodic function of tlie
atomic weights. If arranged in the usual way according to
t h e periodic system, the elenionts inside tlie same column
have npproxim:itely tlie same atomic volume, while tliis
volume changes considerably from one colunin to another,
being greatest for columns corresponding to the smallest
valency 1 and srn:illeqt for tlie greatest valency 4. An
approxim:tte estiiiiate of the radius of the outer ring of R
neutral atom can lie obt:tined by assuming that the total
force due to tlie nucleus and tlic inner electrons is equal to
that from n nucleus of cliarge ?zc, \\here ri is the nuniber of
electionc in the ring. l'utti~ig F = n - s7Lin the equation (1)
oil p. 475, an(l d(~notitigtlic T:ilue of u for v = 1 by ao, we
grit for 11 -- 3, u = 0*57tco: for 71=3, a=0.41ao ; and for
T I = 4, (I = O*33uU.
Accordiiigly tlie arrangement chosen
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for the electrons will iiivolve a variation in the dimensions
of t h e outer ring siiniliir to the variation in the atoiiiic
volumes of the c o r r e s p o ~ ~ ~ l elements.
ii~g
It must, however,
be borne in mind thiit the experimental determiniitions of
atoiiiic volumes in most ciiscs are deduced froin consideration
of molecules ratlier thnn a t o m .
Froin the above we are Icd to the following possible scheme
f o r the arrnngenient of tlie electroiis in light atoms:-

4 (2, '7)

9 (4,4,1)
10 8 2 )
11 (8,291)
1%(8,2, 2)

5 (9,3)

13(5,2,3)

1(1)

2 (2)
3 (2,l)

17 (8, 4,4,1)
18 (8,8,2)
19(8,8,2,1)

20 (8,8,3,2)

21 (8,8,9,3)
1s (8,294)
22 ( 8 , 8 , 2 , 4 )
6 (2,-Q
7 (493)
15 (8,%3)
23 (8,8,4,3)
24 (8,8,4,2,2)
8 (43, 2)
16 (8,4,2,2)
Without a n y fuller discussion i t seems not unlikely t h a t
this constitution of the atoiiis will correspond to properties of
t h e eleiiients similar with those observed.
In tlie first place there will he a marked periodicity wit,h
a period of 8. Further, the binding of the outer electrons
in every horizontal series of tlie above scheme will become
weaker with increasing nuniber of electrons per atam, corresponding to the obserwd increase of the electropositive
cliaracter for an increase of atomic weight of the eleiiients
in every single group of tlie periodic system. A cormsponding ngreenient holds for the variation of the atoinic
volu nit?s.
In the case of atoms of higher atomic weight the simple
assuin1)tioiis used do not til'piy. A few iiid\s:itions, however,
are siiggested froin con>icler;ltion of tho v:iriations in the
cheinical properties of tlie eleiiients. A t the end of tho 3rd
period of 8 eleiiients we meet with the iron-group. This
group tnlres a particulrir p i l i o n iii the sgstein of the
elenieiits, since it is tlio first time tliat elenients of neight)onring atomic weights show similar clicmical properties.
This circainstance inc1ic:ites t!int tile configuratioiis of the
chlecti.ons in tlie elenitJnts of tliis group differ oiily in
tlie rirraageinent of tlie inner electrons. The fact that the
p r i o d in tlic cheniical 1)rol)erties of tlie eleincnts after
t h e iron-group is no longcr S, h i t l S , suggests that eleincnts
of liiglier atoinic weight coiitaiii il reourrant configuratiun
of 18 electrons in the iiiiieriiioat rings. The deviation froin
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2 , 4 , 8 , 1 6 may be due to a gradual interchange of electrons
between the ring$, such as is indicated on p. 495. Since a
ring of 18 electrons will not be stable the electrons may be

498

arranged in two parallel rings (see p. 486). Such a configuration of the inner electrons will act upon the outer
electrons in very nearly the same way as a nucleus of
charge (N-18)e..
It might therefore be possible that
with increase of N another configuration of the same type
will be formed outside the first, such as is suggested by the
presence of a second period of 18 elements.
On the same lines, the presence of the group of the rare
earth3 indicates that for still greater values of N another
gradual alteration of the innermost rings will take place.
Since, however, for elements of higher atomic weight than
those of this group, the laws connecting tlie variation of Ihe
chemical properties with the atomic weight are similar to
those between the elements of low atoniic weight, we mny
cbnclude that the configuration of the innermost electrons
will be agnin repented. The theory, however, is not
sufficiently complete to give a definite answer to such
problems.

8 5.

Characteristic Rontgen Radiation.
According to the theory of emission of radiation given in
I'art I., the ordinary line-spectrum of an element is emitted
during the reformation of an atom when one or more of the
electrons in the onter rings are removed. l a analogy it may
be supposed thtit the characteristic Riintgen radiation is sent
out during the settling down of the system if electrons in
inner rings are removed by some agency, e . g . by impact
of cathode Darticles. This view of the orinin of the
characteristic' Rijntgen radiation has been pyoposed by
Sir J. J. Thornson*.
Without any special assumption in regnrd to the constitution of the radiation, we can from this view determine the
minimum velocity of the cathode rays necessary to produce
the characteristic Riintgen radiation of a special type by
calculating the energy necessary to remove one of the
electrons from the different rings. Even if we knew the
numbers of electrons in the rings, a rigorous calculation of
this niinimum energy might still be complicated, and the
result largely dependent on the assumptions used; for, as
mentioned in Part I., p. 19, tlie calcnlation cannot be performed entirely on the basis of the ordinary mechanics. We
can, however, obtain very simply an approximate comparison

* Cump. J. J . l'lio~iison, Phil. Rhg. xxiii. p. 466 (2912).
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with experiments if we consider the innermost ring and as a
first approximation neglect the repulsion from the electrons
in comparison with the attraction of the nucleus. Let us
consider a simple system consisting of a bound electron
rotating in a circular orhit round a positive nucleus oE
charge Ne. From the expressions (1) on p. 478 we get for
the velocity of the electron, putting F = N ,

2re2
h

v= -N=2*1.1O8N.

The total energy to be transferred to the system in order
to remove the electron to an infinite distance froin the
nucleus is equal to the kinetic energy of the bound elcctron.
If, therefore, the electron is removed to a great distance
from the nucleus by impact of mother rapidly moving elcctron, the smallest kinetic energy possessed by the lnttcr
when at a great distance from the nucleus must necessarily
be equal to the kinetic energy of the bound electron before
the collision. The velocity of the free electron thercfore
must be a t least equal to v.
According to Whiddington's experiments * the velocity of
cathode rays just able to produce the characteristic liiintpen
radiation of the so-called K-type-the hardest type of rncliation observed-from
an element of atomic weight A is for
elements from A1 to S e approximately equal to A . loncm./sec.
As seen this is equal to the above calculated value for v, if

A

we put, N = -

2'

Since we have obtained approximate agreement with
experiment by ascribing the characteristic Rontgen radiation of the K-type to the innermost ring, it is to be expected
that no kiarder type of characteristic radiation wlil exist.
This is strongly indicated by observations of the penetrating
power of y rayst.
It is worthy of remark that the theory gives not only
nearly the right yalue for the energy required to remove an
electron from the outer ring, but also the energy required
to remove an electron from the innermost ring. The
approximite agreement between the calculated and experimental values is all the more striking when itl is recalled
that the energies required in the two wses for an element of
atomic weight 70 differ by a ratio of 1000.
I n connexion with this it should be emphasized that the

* R. Whiddington, Proc. Roy. SOC.A. Ixxxv. p. 323 (1911).
f Comp. E. Rutherford, Phil, Mag. xxiv. p. 453 (1912).
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remarkable homogeneity of the characteristic Riintgen
radiation- indicated bv experiments on absorption of the
rays, as well as by the interference observed in rwent
experiments on diffraction of Riintgen rays in crystals-is
in agreement with the main assumption used in P a r t I. (see
p. 7) in considering the emission of line-spectra, viz. that tlic
radiation eniitted during the passing of the systems between
different stationary states is homogeneous.
Putting in (4)F=N, we get for the diameter of tho
innermost ring

approximately 2a =

1

w

,

cm.

For

N = 100 this gives 2a =
ctn., a value which is very
m a l l in comparison with ordinary atomic ditnensions but
still very great compared with the dimensions to be expected
for the nucleus. According to Rutherford’s calculation the
dimensions of the latter are of the same order of magnitude as
cm.
$ 6. Radioactive Phenomena.
According to the present theory the cluster of electrons
earrouncliiig the nucleus is formed with emission of energy,
find the configuration is determined by the condition that
the energy emitted is a maximum. The stability involved by
these assumptions seems to be in agreement with the general
properties of matter. It is, however, in striking opposition
to the phenomena of radioactivity, and according to the
theory ttie origin of the latter phenomena may therefore be
sought elsewhere than in the electronic distribution round
the nucleus.
A necessary consequence of Rutherford’s theory of the
structure of atoms is that the u-particles have their origin
in the nucleus. On the present theory it seems also necessary that the nucleus is the seat of the expulsion of the
high-speed &particles. I n the first place, the spontaneous
expulsion ot’ a ,@-particle from the cluster of electrons 81.11’rounding the nucleus would be something quite foreign to
fhe assumed properties of the system. Further, the expulsion of an a-particle can hardly be expected to produce a
lasting effect on the stability of the cluster of electrons. The
effect of the expulsion will be of two diff’erent kinds. Partly
the particle may collide with the bound electrons during its
passing through the atom. This effect will be analogous to
that produced by bombardment of atoms of other substances
by a-rays and c:innot be expected to give rise to a subsequent
expulsion of P-rays. Partly the expulsion of the particle
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will involve an alteration in the configuration of the bound
electrons, since the charge remaining on the nucleus is
different from the original. I n order to consider the latter
effect let us regard a single ring of electrons rotating round
a nucleus of charge Ne, and let us assume that an a-particle
is expelled from the nucleus in a direction perpendicular
to the plane of the ring. The expulsion of the particle
will obviously not produce any alteration in the angulnr
momentum of the electrons; and if the velocity of the
a-particle is small compared with the velocity of the eleotrons-as it will be if we consider inner rings of an atom of
high atomic weight-the
ring during the expulsion will
expand continuously, and after the expulsion will take the
position claimed by the theory for a stable ring rotating
round a nucleus of charge (N-2)e. The consideration of
this simple case strongly indicates that the expulsion of an
a-particle will not have a lasting effect on the stability of' the
internal rings of electrons in the residual atom.
The question of the origin of @-particles may also be considered from another point of view, based on a consideration
of the c h e m i d and physical properties of the radioactive
substances. As is well known, scveral of these substances
have very similar chemical properties and have hitherto
resisted every attempt to separate them by cheinical means.
There is also some evidence that the substances in question
show the same line-spectrum*. It has been suggested by
several writers that the substances are different only in
radio-active properties and atomic weight but identical in all
other physical and chemical respects. According to the
theory, this would mean that the charge on the nucleus, as
well as the configuration of the surrounding electrons, was
identical in some of the elements, the only difference heing
the mass :ind the internal constitution of the nucleus. From
the considerations of 6 4 this assumption is already strongly
suggested hy the fact that the rininber of radioactive substances is greater than the number of places a t our disposal
in the periodic system. If, however, the nssuinption is
right, the fact that two apparently identical elements emit
@-particles of different velocities, shows that the @-rays as
well as the a-rays have tlieir origin in the nucleus.
This view of the origin of a- and &particles explains very
siinply the way in which the change in the chemical properties of the radioactive sulJstnnces is connected with the

*

See A. S. Russell and It. Rlossi, Proc. Roy. SOC.A. lxxxvii. p. 478

(1912).
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nature of the particles emitted. The results of experiments
are expressed in the two rules * :1. Whenever an a-particle is expelled the group in the
periodic system to which the resultant product belongs is two
units less than that to which the parent body belongs.
2. Whenever a &particle is expelled the group of the
resultant body is 1 unit greater than that of the parent.
As will be seen this is exactly what is to be expected
according to the considerations of 4 4.
from the nucleus, the &rays may be expected
to In
collide wit the bound electrons in the inner rings. This
will give rise to an emission of a characteristic radiation of
the same type as the characteristic Rontgen radiation emitted
from elements of lower atomic weight by impact of cuthodeThe assumption that the emission of y-rays is due to
co lisions of P-rays with bound electrons is proposed by
Rutherford t in order to account for the numerous groups
of homogeneous @-rays expelled froin certain radioactive
substances.
502

escapina

I n the present paper it has been attempted to show that
the application of Planck’s theory of radiation to Rutherford’s atom-model through the introduction of the hypothesis
of the universal constancy of the angular momentum of the
bound electrons, leads to results which seem to be in agreement
with experiments.
I n a later paper the theory will be applied to systems
containing more than one nucleus.

* See A. S. Russell, Chem. News, cvii. p. 49 (1913); G . v. Heveuy,
Phys. Zeitschr. xiv. p. 49 (1913) ; K. Frtjans, Phys. Zeitschr. xiv. pp. 131
& 136 (1913) : Verh. d. deutsch. I’hye. Ges. xv. p. 240 (1913) ;F. Soddy,
Chem. News, cvii. p. 97 (1013).
t E.Rutherford, Phil. Mag. xxiv. pp. 453 C 893 (1912).
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PART
III.-SYSTEMSCONTAINING SEVERAL
NUCLEI
t.

ACCORUING

0 1. Preliminary.

to Rutherford's theory of the structure of
atoms, the difference between an atom of an element
and a molecule of a chemical combination is that the first
consists of a cluster of electrons surrounding a single
positive nucleus of exceedingly small dimensions and uf a
mass great in comparison with that of the electrons, while
the latter contains a t least two nuclei a t distances from e w h
other comparable with the distances apart of the electrons in
the surrounding cluster.
The leading idea used in the foriner papers was that the
atoms were formed through the successive binding by the
nucleus of a number of electrons initially nearly a t rest,

* Comniunicnted b

Prof. E. Rutherford, F.R.S.
Plrrt I. and Part !I. were published in Phil. Mag. xxvi. p. 1 B p. 476
(1913).
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Such a conception, however, cannot be utilized in considering the formation of a system containing more than a
single nucleus ; for in the latter case there will be notliiiig
to keep the nuclei together during the binding of the
electrons. I n this connexion it may he noticed that while a
single iiucleus carrying a large positive charge is able to
bind a small number of electrons, on the contrary, two nuclei
highly charged obviously cannot he kept together hy the
help of a few electrons. W e must therefore assume that
configurations containing several nuclei are formed by the
interaction of systems-each containing a single nucleuswhich already have bound a number of electrons.
5 2 deals with the configuration and stability of a system
already formed. W e shall consider only the simple case of a
system consisting of two nuclei and of a ring of electrons
Iotating round the line connecting them ; the result of the
calculation, however, gives indication of what configurations
are to be expected in more complicated cmes. As in the
former papers, we shall assume that the conditions of
r>quilibriumcan be deduced by help of the ordinary mechanics.
I n determining the absolute dimensions and the stability of
the systems, however, we shall use the main hypothesis of
Part I. According to this, the angular momentum of every
electron round the centre of its orbit is equal to a universal
h
value - ’ where h is Planck’s constant; further, the
27r

stability is determined by the condition that the total energy
of the system is less than in any neighbouring configuration
satisfying the same condition of the angular momentum of
the electrons.
I n $ 3 the configuration to be expected for a hydrogen
molecule is discussed in some detail.
$4 deals with the mode of formation of the systems. A
simple method of procedure is indicated, by which it is
possible to follow, step by step, the combination of two atoms
to form a molecule. Tho configuration obtained will be
shown to satisfy the conditions used in 6 2. The part played
in the considerations by the angular mornentum of the
electrons strongly supports the validity of the main hypothe&.
5 5 contains a few indications of the configurations to be
expected for systems containing a greater number of
electrons.
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2. C0nfiguration.s and Stability of the Systems.
Let us consider a system consisting of two positive nuclei
of equal charges and a ring of electrons rotating round the
line connecting them. Let the number of electrons in the
ring be n, the charge of an electron - e , and the charge on
each nucleus Xe. As can be simply shown, the system will
be in equilibrium if the nuclei are the snme distance apart
from the plane of the ring and if the ratio between the
diameter of the ring 2a and the distance apart of the nuclei
2b is given by

provided that the freqcency of revolution o is of R magnitude
such that for each of the electrons the centrifugal force
balances the radial force due to the attrnction of the nuclri
and the repulsion of the other electrons. Denoting this
e2

force by -F,
a2

we get from the condition of the universal

constancy of the angular monientum of the electrons, as
shown in P a r t 11. p. 478,
h2
47r2e4m
a = -F-' and o=-F2.
(2)
.17r'e2m
h3
The total energy necessary to remove all the charged particles
to infinite distances from each other is equal to the total
kinetic energy of the electrons a n d is given by

. .

F o r the system in question we have
F= N2 4n Z -+,
2n
where

-((m)

s=,

. . .

(4)

s=n-1

T
2 cosec S;
n

s=l

a table of s, is given in Part 11. on p. 482.
To test the stahility of the system we have to consider
displacements of the orbits of the electrons relative to the
nuclei, and also displacements of the latter relative to each
other.
A calculation based on the ordinary mechanics gives that
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the systems a r e unstable for displacements of the electrons i n
the plane of the ring. As for the systems considered in
P a r t II., we shall, however, assume that t h e ordinary

principles of mechanics cannot be used i n discussing the
problem in question, and that the s t a t d i t y of the systems for
t h e displacements considered is secured through the introduction of the hypothesis of the universal constancy of
the angular niomentum of the electrons. This assumption is
included in the condition of stability stated in 5 1. It should
be noticed that i n Part 11. the quantity F was taken as n
constant, while for tlie systems considered here, J?, for fixed
positions of the nuclei, varies with the radius of the ring. A
simple calculation, however, similar to that given in Pare IT.
on p. 980, shows that the increnqe in the total energy of the
system for a variation of the radius of the ring from a to
a+&, neglecting powers of 6a greater than the second, is
given hy

where

T is the total kinetic energyand P the potential energy

Since f'or fixed positions of t h e nuclei F
increases for increasing a (F=O for a = O ; F=2N--sn for
a= sc, ), the term dependent on the variation of F will be
positive, a n d the s j s t e m will consequently be stable for the
displacement i n question.
Prom considerations exactly corresponding to those given
i n P a r t 11. on p. 481, we get f'or the condition of stability for
disp1;iceiiients uf the electrons perpendicular to the Iilane of
tlie ring
G>pn,o-pn,m,
*
*
*
*
(5)
where p,,,--pn,,
has the same signification as in P a r t II.,

of' tho system.

-

e2

and -G6z denotes the component, perpendicular to tho
a3
plane of the ring, of the force due to the nuclei, which acts
upon one of the electrons in the r i n g when i t has suffered a
small displacement 6; perpendicular to the plnne of the
ring. As for the s y a t m s considered in P a r t II., the diaplacements can be imagined to be produced by the eflect of
extraneous forces acting upon the electrons in direction
parallel to the axis of' the system.
F o r a system of two nuclei each of charge Ke and with a
r i n g of n electrons, we find
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By help of this expression and using the table for p,L,O-pn,nl
given on p. 482 in P a r t II., it can be simply shown that the
system in question will not be stable unless N = 1and n equal
to 2 or 3.
I n considering the stability of the systems for a displacement of the nuclei relative to each other, we shall assume
that the motions of the nuclei are so slow that the state of
motion of the electrons a t a n y moment will not, difler sensibly
from that calculated on the assumption that the nuclei a r e
at rest. This assumption is permissible on acount of t h e
great mass of the nuclei compared with that of the electrons,
which involkes that t h e vibrations resulting from a displacement of the nuclei are very slow compared with those due to
a displacement of the electrons. F o r a system consisting of
a ring of electrons irnd two nuclei of equal charge, we shall
thus assunie that the electrons a t a n y moment during the
dibplaceinent of the nuclei move in circular orbits i n the
plane of syminetry of the latter.
L e t us now imagine that, by help of extraneous forces
acting on the nuclei, we slowly vary the distance between
them. D u r i n g the displacement the radius of the ring of
electrons nil1 vary i n consequence of the alteration of
the radial force due to the attraction of the nuclei.
During this variation the angular momentum of each of
t h e electrons round the line connectiug the nuclei will
remain constant. If the distance apart of the nuclei
increases, the radius of the ring will obviously also increase :
the radins, however, wil! increase at a slowor rate than the
distance between the nuclei. F o r example, iimgine a displacement in which the distance as well as the radius are
both increased to c( times their original value. I n the new
configuration the radial force acting on an electron from the
nuclei and the other electrons is

1

c(

times that in the original

configuration. F r o m the constancy of the angular momentum ot'the electrons during the displacement, it further
follows that the velocity of the electrons in the new con1
1
figuration is - times, and the centrifugal force 2 times that,
U

i n the original. Consequently, the radial force is greater
than the centrifugal force.
On account of the distance between the nuclei increasing
faster than the radius of the ring, the attraction on one of the
nuclei due to the ring will be greater than the repulsion from
the other nucleus. The work done during the displacement
b y the extraneous forces acting on the nuclei mill therefore
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be positive, and the system will be stable for the displacement. Obviously the same result will hold in the case of
the clistance between the nuclei diminishing. It may be
noticed th'it in the above considerations we have not made
use of ariy new aqsumption on the dynamics of the electrons,
but have only used the principle of the invariance of the
angular momentum, which is common both for the ordinary
mechanics and for the main hypothesis oE 6 1.
F o r a system consisting of a ring of electrons and two
nuclei of unequal charge, the investigation of the stability is
more complicated. As before, we find that the systems a r e
always stable for displacements of the electrons in the plane
of the ring ; :dso a n expression corresponding to ( 5 ) will hold
for the condition of stability for displacelnents perpendicular
to the plane of the ring, This condition, however, will not
be sufficient to secure the stabilityof the sJstern. For a tlicplacement of the electrons perpendicular to the plane of the
l i n g , the variation of the r:idial force due to the nuclei will
lie of tlie same order of magnitude its the displacement ;
therefore. in the new configuration the r:idial force will not
be in equilibriuin with the centrit'ugal force, and, if the
radius of tlie orbits is varied until the radial equilibrium is
restored, the energy of the system will decrease. This
circunistance niuzt, be taken into account in applying the
condition of stabiiitp of 0 1. Similar complications arise iii
the calculation of stability for displacements of the nuclei.
For a variation of the distance apart of the nuclei not only
will the radius of the ring vary but also the ratio in which
t h e plane of the ring dipides the line connecting the nuclei.
As a consequence, the full discuksion of the general case is
rather lenqthy ; a n approximate numerical calculation,
however, shows that the ~ysteins,as in the foriner cyse, will
be unstable unless the charges on the nuclei are sinell and the
ring contains very few electrons.
l h e above coiisiderations suggest configurations of systems,
consisting of two positive nuclei and a nuinber of electrons,
which are consistent with the arrangement of the electrons
to be expected in inolecules of chemical combinations. If we
thns consider a neutral system containing two nuclei with
great charges, i t follows that in a stable configuration the
greater part of t h e electrons must be arranged around each
nucleus approximately as if tbe other nucleus were ahsent ;
a n d that only a few of t h e outer electrons will be arranged
difierentlp rotating i n a ring round the line connecting the
nuclei. The latter ring, which keep3 the system together,
represeiits the chemical " bond."
r 1
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A first rough approximation of the possible configuration
of such a r i n g can be obtained by considering simple systems
consisting of fi single ring rotating round the line connecting
t w o nuclei of minute dimensions. A detailed discussion,
however, of the configuration of systems containing a
greater number of electrons, taking the effect of inner rings
into account, involves elaborate numerical calculations. A p a r t
from a few indications given in 6 5 , we shall in this paper
confine ourselves to systems containing very few electrons.
$ 3. Systems containing .few Elpctrons. The EIydroyen
ilzolecule.
Amung the systems considered in Q 2 and found to be
stable the system formed of a ring of two electrons a n d of
two nuclei of chnrge e is of special interest, as it, according
to the theory, may be expected to represent a neutral
hydrogen molecule.
Denoting the radius of t h e ring by a and the distances
apart of the nuclei froin the plane OE the ring by b, we get
from (l),putting N = l and n=2,

b=

1
-

froni (4) we further get

;

F= 3J3-1

=lag.
4
F r o m (2) and (3) we get, denoting as in P a r t 11. thevalues
of u, o,and W for a system consisting of a single electron
rotating round a nucleus of charge e (a hydrogen atom) by
ao, oo,and \Vo,
a=0*95ao,
o=l.looo,
W=2*20wo.
Since W>2Wo, it follows that two hydrogen atoms
couibine into a molecule with emission of energy. P u t t i n g
Wo= 2-0 10-l' e r g (comp. P a r t 11. p. 488) and N = 6.2 loz3,
where N is the number of molecules in a gram-molecule, we
get for the energy emitted during the formation of a grammolecule of h d r o g m from hydrogen atoms (W-2Wo)N
= 2 - 5 lo'*, w ich corresponds to 6.0. lo4 cal. This value
is of t h e right order of magnitude; it is, however, considerably less than t h e value 13 lo4cal. found by Langmuir *
by measuriug the heat conduction through the gas from a n
incandescent wire in hydrogen. On account of the indirect

.

.

.

i:

.

* I. Langmuir, Journ. Amer. Chem. SOC.xxxiv. p. 860 (1912).
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method employed it seems difficult to estimate the accuracy
to be ascribed to the latter value. I n order to bring the
theorei ical value in agreement with Langmuir’s value, the
magnitude of the angular momentum of the electrons should
be onlv 2 / 3 of that adopted ; this seems, however, difficult to
reconcile with the agreement obtained on other points.
From (6) we get G = 3 J 3 =0*325. F o r the frequency of
16
vibration of the whole ring in the direction parallel to the
axis of the system we get

-

v=uOJG

$ =0.610,=3.8.

10’j llsec.

TVct have assumed in Part I. and Part 11.that the frequency
of radiation absorbed by the system and corresponding to
vibrations of the electrons in the plane of the ring cannot be
calculated from the ordinary mechanics, but is determined
by the relation Itv=E, where h is Pltnc!c’s constant, and E
the difference i n energy between two different stationary
states of the system. Since we have secn in $ 2 that a configuration consisting of two nuclei and a single electron
rotating round the line between them is unstable, me may
assume that the r e m o v i q of one of‘the electrons will lead to
the breaking up of the molecule into a single nucleus and a
hydrogen atom. If we consider the latter state as one of
the stationary states in question we get

w

E = W -Wo= 1*20W0, and v = 1.2 2= 3.7 . 1015l/scc.

h
The value for the frequency of the ultra-violet absorption
line i n hydrogen calculated from experiments on dispersion
is v = 3.5. 1015l/sec.* Further, a caIculation from such experimerits based on Drude’s theory gives a value near two for
the number of electrons in a hydrogen molecule. The latter
result might have connexion with the fact that the frequencies
calculated above for the radiatibn absorbed corresponding to
Tibrations parallel and perpendicular to the plane of the ring
are nearly equal. As mentioned in Part II., the number of
electrons in a helium atom calculated from experiments on
dispersion is only about 2/3 of the number of electrons to be
expected in the atom, vie. two. For a helium atom, as for a
hydrogen molecule, the frequency determined by the relation
v . h=E agrees closely with the frequency observed from
dispersion ; in the helium system, however, the frequency
C. and M. Cuthbertson, Proc. Roy. SOC.lxxxiii. p. 151 (1910).
+
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corresponding to vibrations perpendicular to the plane of
the ring is more than three times as great as the frequency
in question, and consequently of negligible influence on the
dispersion.
I n order to determine the frequency of vibration of the
system corresponding to displacement oE the nuclei relative
to each other, let us consider a configuration in which the
radius of the ring is equal to y, and the distance apart of
the uuclei 2 s . The radial force acting on one of the
electrons and due to the attraction from the nuclei and the
repulsion from the other electron is

Let us now consider a slow displacement of the system
during which the radial force b:ilances the centrifugal force
due to the rotation of the electrons, and the angular momenez
turn of the latter remains constant. Putting R = SF, we
have seen on p. 859 that the radius of the ring is iiversely
proportional to F.’ Thersfore, during the displacement considered, R,y3remuins constant. Thia gives by differentiation

+

+

( 8y5 3 2 ~ ‘ ~ (xz
’
9’);)
dy - 24zy‘tlx = 0.

Introducing x=b and y = u , we get

The force acting on one of the nuclei due to the attraction
from the ring and the repulsion from the other nucleus is

&=

2e2x
(z’+y2)4

e2

-@ *

For s = b , $ = a this force is equal to 0.
Corresponding to a small displacement of the system for
which s=a++s we get, using the above value for d.Y and
dx
e2
putting Q = -H+s,
as

For the frequency of vibration corresponding to the displacement in question we gct, denoting the mass of one of
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the nuclei by M,

M

PuCting - = 1835 and o, = 6 . 2 . 10l6, we get
m

= 1.91.1014.

This frequency is of the same order of magnitude as that
calculated by Einstein’s theory from the variation of the
specific heat of hydrogen Gas with temperature*. On
the other hand, no absorption of radiation in hydrogen
gas corresponding to this frequency is observed. This is,
however, just what we should expect on account of the
symmetrical structure of the system and the great ratio
between the frequencies corresponding to displacements of
the electrons and of the nuclei. The complete absence of
infra-red absorption in hydrogen gas might be considered as
a strong argument in support of a constitution of a hydrogen
molecule like that adopted here, compared with modelmolecules in which the chemical bond is assumed to have its
origin in an opposite charge of the entering atoms.
As will be shown in 4 5, the frequency calculated above
can he used to estimate the frequency of vibraiinn of more
complicated systems for which an infra-red absorption is
observed.
The configuration of two nuclei of charge e and a ring of
three electrons rotatling between them will, as mentioned in
6 2 , also be stable for displacements of the electrons perpendicular to the plane of the ring. A c,ilculation gives

_h = 0,486, G = 0.623,
a
and further,

and

F = 0.879 ;

a = 1.14a0, o = 0.770),, T/TT =2.32W0.
Since W is greater than for the system consisting of two
nuclei and two electrons, the system in question map be considered as representing a negatively charged hydrogen
molecule. Proof of the existence of such a system has been
obtained by Sir J. J. Thomson in his experiments on positive
rays t.
A system consisting of two nuclei of charge e and a single

* See N. Bjerrnm, Zeitschr. f. Elektrochem. xvii. p. 731 (1911);
xviii. p. 101 (1012).
t J. J. Thoiuson, Phil. B I q xxiv. p. 253 (1912).
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electron rotating in a circular orbit round the line connecting
the nuclei, is unstable for a displacement of the :electron
perpendicular to its orbit, since in the configuration of
equilibrium G<O. The explanation of the appearance of
positively charged hydrogen molecules in experiments 011
positive rays may therefore at first sight be considered as a
serious difficulty for the present theory. A possible explanation, however, might be sought in the special conditions
under which the systems are observed. We are probably
dealing in such a case not with the formation of a stationary
system by a regular interaction of systeiris contairiing single
nuclei (see the next section), but rather with a delay in the
breaking up of a confignration brought about by the sudden
removal of one of the electrons by impt~ctof a single particle.
Another stable configuration containing a few electrons is
one consisting of a ring of three electrons and tn o nuclei uf
charges e and 2 e . A numerical calculation gives

3 = 1.446, -6a2 = 0.137, F = 1,552,
a
where a is the radius of the ring and bl and bz the distances
apart of the nuclei from the plane of the ring. By help of
(2) and (3) we further get
a = O*644ao, o = 2.4100, W = 7*22W0,
where o is the frequency of revolution and TV the total
energy neceqaary to I etnove the particles to infinite distances
from each other. I n spite of the fact that W is greater than
the sum of the values of W for a hydrogen and a helititti
atom (W,+ W 3 W 0 ; comp. Part 11.p. 489), the configuration
in question cannot, as will be shown in the next section, bc
considered to represent a possible molecule of hydrogen and
helium.
The vibration of the systeni corresponding to a displ'icement of the nuclei relative to each other sliows features
different from the system considered above of t \ \ o nuclei of'
charge e and two electrons. If, for example, the dihtance
between the nuclei is increased, the ring of electrons will
approach the nucleus of charge 2e. Consequently, the
vibration must be expected to be connected with an absorption
of radiation.
5 4. Fornzation of the

Systems.

As mentioned in $ 1, we cannot assume that systems containing more than one nucleus are fornied by successive
binding of electrons, such as we have assumed for the

868

Dr. N. Bohr on the Constitution

systems considered in Part 11. W e must assume that the
systeiiis are formed by the interaction of others, containing
single nuclei, which already liavo bound electrons. W e
shall now consider this problem more closelv, starting with
the simplest possible case, viz., the combination of two
hydrogen atonis to form a molecule.
Consider two hydrogen atoms a t a distance apart great in
comparison with the linear dimensions of the orbits of the
electrons, and imagine that by help uE extraneous forces
acting on the nuclei, we make these approach each other ;
the displacements, however, being so slow that the dynamical
equilibrium of the electrons for every position of the nuclei
is the same as if the latter were at rest.
Suppose that the electrons originally rotate in parallel
planes perpendicular to the straight line connecting the
nuclei, xnd that the direction of rotation is the same and
the difference in phase equal to half a revolution. During
the approach of the nuclei, the direction of the planes of
tlie orbits of the electrons and the difference in phase will
be unaltered. The planes of the orbits, however, will at the
beginning of the process approach each other a t a higher
rate than do the nuclei.
By the continued displacement
of the latter the planes of the orbits of the electrons will
approach e:rch other more and more, until finally for a
certain distance apwt of the nuclei the planes will coincide,
the electrons being arranged in a single ring rotating in the
plane of symmetry OE the nuclei. During the further npproach of the nuclei the ratio between the diameter of the
ring of electrons and the distance zpart of the nuo1t.i will
increase, and the system will pass through a confignr.'1 t '1011
in which it Mill be in equilibiium without the application
of extraneous forces on the nuclei.
By help of a calculation similar to that indicated in 9: 2,
it can be simply shown that a t any moment during this
process the configuration of the electrons is stable for a
displacement perpendicular to the plane of the orbits. I n
addition, during the whole operation the angular momentum
of each of the electrons round the line connecting tbe nuclei
will remain constant, and the configuration of equilibrium
obtained will therefore be identical with the one adopted
in 5 3 for a hydrogen molecule. As there shown, the configuration will correspond to a smaller value for the total
energy than tile one corresponding to two isolated atoms.
During the procew, the forces between the particles of the
system will therefore have done work against the extraneous
forces acting on the nuclei ; this fact may be expressed by
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saying that the atoms have " attracted " each other during
the combination. A closer calculation shows that for any
distance apart of the nuclei greater than that corresponding
to the configuration of equilibrium, the forces acting on the
nuclei, due to the particle, of the system, will be in such a
direction as to diminish the distance between the nuclei ;
while for any smaller distance the forces will have the
opposite direction.
By means of these considerations, a possible process is
indicated for the combination of two hydrogen atoms to
form a molecule. This operation can be followed step by
step without introducing any new assumption on the
dynamics of the electrons, and leads to the same configuration adopted in $ 3 for a h-jdrogen molecule. It may
be recalled that the latter configuration was deduced directly
by help of the principal hypothesis of the universal constancy
of the angular momentum of the electrons. These considerations also offer an explanation of the " affinity " of two
atoms. It may be remarked that the assumption in regnrd
to the slowness of the motion of the nuclei relative to those
of the electrons is satisfied to a high degree of approximation
in a collision between two atoms of a gas a t ordinary temperatures. I n assuming a special arrangement of the
electrons at the beginning of the process, very little information, however, is obtained by this method on the chance
of combination due to an arbitrary collision between two
atoms.
Another way in which a neukral hydrogen molecule may be
formed is by the combination of' a positively and a negatively
charged atom. According to the theory a positively charged
hydrogen atom is simply a nucleus of vanishing dimensions
and of charge e, while a negatively charged atom is a system
consisting of a nucleus surrounded by a ring of two electrons.
As shown in Part II., the latter system may be considered
as possible, since the energy emittcd by the formation of it
reater than the corresponding energy for a neutral
h rogen atom. Let us now imagine that, by a slow disby
placement of the nuclei, as before, a negatively and a
positively charged atom combine. W e must assume that,
when the nuclei have approached a distance equal to that in
the configuration adopted for a hydrogen molecule, the
electrons will be arranged in the same way, since this is the
only stable configuration for this distance in which the
angular momentum of the electrons has the value prescribed
by the theory. The state of motion of the electrons will,
however, not vary in a continuous way with the displacement

f

Dr. N. Bohr on the Constitutioii
870
of the nuclei as in the combination of two neutral atoms.
For a certain distance apart of the nuclei the configuration
of the electrons will be unstable and suddenly change by a
finite amount ; this is immediately deduced from the fact
that the motion of the electrons by the conibination of two
neutral hydrogen atoms considered above, passes through an
uninterrupted series of stable configurations. The work
done by the system against the extraneous forces acting on
the nuclei will therefore, in the case of the combination of ii
negatively and a positively charged atom, not be equal to the
difference in energy between the original and the final configuration ; but in passing through the unstable configurations
a radiation of energy must be emitted, corresponding to that
emitted during the binding of electrons by :Lsingle nucleus
and considered in Parts I. and 11.
On the above view, it follows that in the breaking up of a
hydrogen molecule by slowly increasing the diatancc apart
of the nuclei, we obtain two neutral hydrogen atoms and not
a positively and a negatively charged one. This is in agreement with deductions drawn froin experiments on positii e
raps *.
Next imagine that instead of two hydrogen atoms we consider two helium atoms, i. e. systems consisting of a nucleus
of charge 2e surrounded by a ring of two electrons, and go
through a similar process to that considered on p. 868.
Assume that the helium atoms a t the beginning of the
operation are orientated relatively to each other like the
hydrogen atoms, but Mith the exception that the phases of
the electrons in the helium atoms differ by one quarter of a
revolution instead of one half revolution as in the case of
hydrogen. By the displacement of the nuclei, the planes of
the rings of electrons will, as in the former case, approach
each other a t a higher rate than the nuclei, and for a certain
position of the latter the planes will coincide. During the
firther approach of the nuclei, the electrons will bu arranged
a t equal angular intervals in a single ring. As in the former
case, it can be shown that at any moment during this operation
the system will be stable for a displacement of the electrons
perpendicular to the plane of the rings. Contrary, however,
to what took place in the case of hydrogen, the extraneous
forces to be applied to the nuclei in order to keep the system
in equilibrium will always be in a direction to diminish the
distance apart of the nuciei, and the systeni will never pass
through a configuration of equilibrium ; the helium atoms
UI

Comp. J. J. Thonison, Phil. Nag. xxiv. p, 2448 (1912).
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will, during the process, “ r e p e l ” each other. The consideration offers an explanation of the refusal of helium
atoms to combine into molecules by a close approach of the
atomq.
Instead of two hydrogen or two helium atoms, next consider a hydrogen and a helium ntoin, and let us slonly
approach the nuclei to each other in a similar way. I n this
case, contrary to the former cases, the electrons will have no
tendency to flow together in a single ring. On account of
the great difference in the radii of the orbits of the electroils
in hydrogen and helium, the electron of the hydrogen atom
must be expected to rotate always outside the helium ring,
and if the nuclei are brought very close together. the configuration of the electrons hill coincide with that adopted in
P a r t TI. for a lithium atom. Further, the extraneous forces
to be applied to the nuclei during the process will be in such
a direction as to diminish the distance apart. I n this way,
therefore, we cannot obtain a coinbination of the atoms.
The stable configuration considered in $ 3, consisting of a
ring of three electrons and two nuclei of charge e and 2e,
cannot be expe:ted to be formed by sucli a process, unless
the ring of electrons were bound originally by one of the
nuclei. Xeither a hydrogen nor a helium nucleus will,
however, he able to bind a ring of three electrons, since such
a configuration worild correspond to a greater total energy
than the one in which the nucleus has bound two electrons
(comp. P a r t 11.pp. 488 and 490). As mentioned in 5 3, such
a configuration cannot therefore be considered as representing
a possible combination of hydrogen and helium, in spite of
the fact that the value of W is greater than the sum of the
values of W for a hydrogen and a helium atom. As we
shall see in the next iection, tbe configuration may, however,
give indications of the possible structure of the uiolecules of
a certain class of cheniical combinations.

0 5.

Systems containing a greatrr numbe?. of Electrons.
From the considerations of the former section we are led
to indications of the configuration of the electrons i n systems
containing a greater number of electrons, consistent with
those obtained in 4 2.
Let us irnagine that, in a similar way to that considered
o n p. 868 for two hydrogen atoms, we make two atoms containing st large number of electrons approach each other.
During the beginning of the process the effect on the configuration of the inner rings will be very small compared
~ i t the
h effect on the electrons in the outer rings, and the
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final result will mainly depend on the number of electrons in
these rings. If, fol. example, the outer ring in both atoms
contains only one electron, we may expect that during the
approach these two electrons Mill form a single ring a s in the
case of hydrogen. B y a further approach of tlie nuclei, the
system will arrive at a state of equilibrinm before tlie di:*tance
apart of the nuclei is comparable with the r ac1"11 of the inner
rings of electrons. If the distance be decreased still further,
the repulsion of the nuclei will predominate and tend to
prevent an approach of the systems.
I n this way we are led to a post4ble configuration of a
molecule of a comloination of two monovalent substance<such as H(Il-in which the ring of electrons representing
the chemical bond is arranged in a siniilar way to that
assumed for a hydrogen iiiolecule. Since, however, as in
the case oE hydrogen, tlie energy emitted by a combination
of the atoms is only a sinall part of the kinetic energy of the
outer electrons, we may expect th:it siiiall differences in tlie
configuration of the ring, due to the presence of inner rings
of electrons in the atoms, uill be of great influence on the
heat of combination and consequently on the affinity of the
substances. As mentioned in 5 2 , a detailed diwussion of
these questions involves elaborate numerical calcul a t'ions.
W e may, however, make an approximate coinparison of the
theory with sxperiment, by considering the frequency of
vibration of the two atoms in the molecule relative to each
other. I n 0 3, p. 866, me have calculated this frequency for a
hydrogen molecule. Since now the binding of the atoms is
assumed to be similar to that in hydrogen, the frequency of
another molecule can be simply calculated if we h o w the
ratio of the mass of the nuclei to be that of a hydrogen
nucleus. Denoting the frequency of a hydrogen iiiolecule
by yo and the atomic weights of the substances entering i n
the combination in question by Al and A, respectively, we
get for the frequency
v=vo

If the two atoms are identical the molecule will be exactly
symmetrical, and we cannot expect an absorption of radiation
corresponding to the frequency in question (comp. p. $66).
F o r HC1 gas an infra-red absorption band corresponding to a
frequency of about 8.5. 1013 is observed *. Putting in the
above formula A l = l and A,=35 and using the value for vo

* See H. Icayfier, Hundb. d. Spectr. iii. p. 3G6 (1005).
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p. S66, we get ~ = 1 3 . 7 .
O n account of the approximation introduced the agreement may be considered as
wtisfactory.
The molecules in question may also be formed by tlie
combination of a positively and a negatively charged atom.
As in the case of hydrogen, howevcr, we shall expect to obtain
two neutral atoms by the breaking up of the molecule. There
may be anotlier type of niolrcule, for which this does not hold,
viz., molecules which are formed in a manner analogous to
tlie system consiiting of a ring of three electrons and two
nuclei of charges e and 2e, mentioned in the former section.
As we have seen, t b e necessary condition for the forination
of a configuriition of this kind is that one of the atonis in thc
itiolecule is able to bind three electrons in tlie outer ring.
According to the theory, this condition is not satisfied for a
hydrogen or a helium atom, but is for an osygen atoin. W i t h
t h e syiiibsls used in P a r t I I . the configiir;ttioii suggested for
the oxygen at0111 was given by S (4,?, 2). From :i calculation,
as that indicated in P a r t II., we get for tliis config~iration
TV=228*07 W,,while for the contigurntion S ( 4 , 2 , 3 ) we get
W=228*18 W,.
Since tbo hitter vnluc for \V is greater
t h i n the first, the configuration 8 ( 4 , 3 , 3 ) :nay be consit3ercd
as possible and as representing an oxygen atom with a single
negative charge. If now a hydrogen nucleus approaches the
system S (4,2,31 we inny expect ii stnlule configurntion to he
formed in which thr outer electrons will be arranged approximately a s in the systein mentioned above. I n a h e n k i n g
up of this configuration tlie ring ot' tliree rlectrons will
rcinain with the oxygen atom.
Such considerations suggest a p o s i ble configuration for a
water niolecule, consisting of a n oxygen nucleus surroiinded
by a small ring of 4 electrons and 2 hydrogcn nuclei sitnated
on the axis of the ring at equal distances apart from tlie first
nucleus and kept i n equilibriuin luy lielp of two rings of
grcater radius each containing three electi~uns; the latter
rotate in parallel planes round the axis of the system, and are
situated relatively to each other so that the elcctroiis in the
one ring a.re placed just. opposite the interval hetxeen the
electrons in the other. If we iinagine that such a system is
broken up by slowly removing the hydrogen nuclei we should
obtain two positively charged hyclrogen atoms and a n oxygen
atom with a double negative charge, in which the outei,tnost
electrons will be arranged in two rings of three electi.ons
each, rotating in parallel plane3. l h e assumption of such
a configuration for a water niolecule offers a possihle
explanation of the great ahsorption of water for rays in the
011
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infra-red and for the high value of iis specific inductive
capacity.
I n the preceding we hal-e only considered systems which
possecs an axis of symmetry around which the electrons are
assumed to rotate in circular orbits. I n aysteins such as the
molecule CH, we cannot, however, assume the existence of
a n axis of symmetry, and consequently we must in such cases
omit t h e assumption of exactly circular orhits. 'The configui:~tion sugge-ted by the theory for a molecuie of tI14 is
of the ordinary tetrahedron type ; the carbon iiiiclelis surrounded b y a very small ring of two electrons being situated
in the centre, and a hydrogen nucleus in every corner. The
chemical bonds are represented by 4 rings of 2 electrons each
rotating round the lines connecting the centre and the
corners. The closer discussion of such questions, however, is
far o u t of the range of the present, theory.

C o d u d i n y reniari s.
I n the present paper a n attempt has been made to develop
a theory of the constitution of atoms and molecules on the
basis of the ideas introduced by Pianclr in order to account
for tlie rxdiation from a black body, and the theory of the
structure of atoms proposed tjy Rutherford in order to
explain the scattering of a-particles by matter.
Planclr's theory deals with the emission and absorption of
radiation from an atomic vibrator of a constant frequency,
independent of the amount of energy possessed by the system
in the moment considered. The assumption of such vibrators,
however, involves the assumption of quasi-elastic forces a n d
is inconsistent with Kutherford's theory, according to which
all the forces between the particles of a n atomic system v a r y
inverwly as t h e square of the distance apart. I n order to
apply the main results obtained by Plancli it is therefore
necessary to introduce new assumptions as to the emission
and absorption of radiation by an atomic system.
The main assumptions used in the prehent paper are :1. That energy radiation is not emitted (or absorbed) in
the continuous way assumed i n the ordinary electrodynamics,
but only during the passing of the systems between different
" stationary " states.
2. That the dynamical equilibrium of the systems in the
stationary stales is governed by the ordinary laws of
mechanics, while these laws do not hold for the passing of
tlie systems between the different stationary states.

of Atom and Molecules.

875

3. That the radiation emitted during the transition of R
system between two stutionary states is homogeneous, and
that the relation between the frequency v and the total
amount of energy emitted E is given by E=hv, where h is
Planct’s constant,
4. That the different stationary states of a simple system
consisting of an electron rotating round a positive nucleus
are determined by the condition that the ratio between the
total energy, emitted during the formation of the configuration, and the frequency of revolution of the electron is an
entire multiple of

Ji

L’

Assuming that the orbit of the

electron is circular, this assumption is equivalent vith the
assumption that the angular momentutn of the electron round
h
the nucleus is equal to a n entire multiple of - 27r‘
5. That the “ permanent ’’ state of any atotnic system-i. e.,
the state in which the energy etnitted is maximum-is
determined by the condition that the angular momentum of
h
every electron round the centre of its orbit is equal to
2T
I t is shown that, applying these aesuniptions to Rutherford’s
atom model, it is possible to account for the laws of Balnier
and Bytlberg connecting the frequency of the different lines
in the line-spectrum of an element. Further, outlines are
given of a theory of the constitution of the atoms of the
eletnents and of the formation of molecules of chemical
combinations, which on several points is shown to be in
approximate agreement with experiments.
The intimate connexion between the present theory and
modern theories of the radiation from a black body and of
specific heat is evident ; again, since on the ordinary electrodynamics the magnetic moment due to an electron rotating
in a circular orbit is proportional to the angular momentum,
we shall expect a close relation to the theory of inagnetons
proposed bv Weiss. The development of a detailed theory of
heat radiation and of magnetism on the basis of the present
theory claims, however, the introduction of additional assumptions about the behaviour of bound electrons in an
electromagnetic field. The writer hopes to return to these
questions later.
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